
Theorem Proving: (List 1)

Deadline: 02.03.2016

1. Prove, using one-sided sequent calculus, the following formulas:

(a) ¬(A ∧B) → (¬A ∨ ¬B),

(b) (¬A ∨ ¬B) → ¬(A ∧B),

(c) A ↔ ¬¬A,

(d) (A → B) → (B → C) → (A → C),

(e) ((A ∧ A) → B) → (A → B),

(f) (A ↔ B) ↔ (¬A ↔ ¬B)

2. Give the resuls of the substitutions below:

(a) f(g(x), x)[x := g(y)]

(b) f(g(x), y)[x := g(y)]

(c) p(f(y, x), g(x))[y := x]

(d) ( ∀y p(f(y, x), g(y)) ) [y := x]

(e) ( ∀y p(f(y, x), x) )[x := y]

(f) ( ∀y ( p(f(z, g(y)), g(x)) ) ∨ (∃z g(z) ≈ y) ) [x := g(y)],

(g) ∀y f(x, y) ≈ x → ∀x ( f(x, y) ≈ x ) [y := g(y)][x := g(z)]

3. Prove the following formulas using one-sided sequent calculus:

(a) ∀x x ≈ x

(b) ∀x s(x) ≈ x ⊢ ∀x s(s(s(x))) ≈ x

(c) ∀x ( P → Q(x) ) ⊢ P → ∀x Q(x)

(d) ∀x (P (x) ∧Q ) ⊢ (∀x P (x) ) ∧Q

(e) (¬∀x P (x)) ↔ ∃x ¬P (x)

(f) ∃x ( D(x) → ∀y D(y) ) This the famous drinker paradox, which
reveals the crazyness of classical logic.

(g) ∀x f(x) ≈ x, ∀x∃y p(f(x), y) ⊢ ∀x∃y p(x, f(y))
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(h)

∀x∀y [ R(x, y) → ∃z [ R(x, z) ∧R(z, y) ]]
¬∃x R(x, x)
⊢

∀x∀y [ R(x, y) → ∃z [ z 6≈ x ∧ z 6≈ y ]]

(i)

∀x∀y [( E(x) ∧E(y) ) → ∃z [ E(z) ∧ S(z, x, y) ]]
∀x∀y [ (¬E(x) ∧ ¬E(y)) → ∃z [ E(z) ∧ S(z, x, y) ]]
∀x∀y∀v∀w [ ( S(v, x, y) ∧ S(w, x, y) ) → v ≈ w ]
⊢

∀x∃y [ E(y) ∧ ∀z [ S(z, x, x) → y ≈ z ]]
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