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ABSTRACT

In this paper we present a new type system for logic pro-
grams. Our system combines ideas of the classical poly-
morphic, but not very precise, system due to Mycroft and
O’Keefe [16], and the complementary system of directional
types that has been proposed by Aiken and Lakshman [1].

Our main technical inventions are a new method of de-
riving more specific types from a given type, which we call
pruning, and the notion of the main type from which, us-
ing a combination of substitution, subtyping and pruning all
types of a predicate can be obtained.

We describe a type checking algorithm, and a type recon-
struction algorithm which for a given program and a predi-
cate finds its main type. A complexity analysis of these algo-
rithms is provided. In spite of large theoretical complexity
bounds these algorithms work quite fast in practice.

1. INTRODUCTION

There are two traditional approaches to types for logic
programs'. The classical system of polymorphic types of
Mycroft and O’Keefe was based on ideas of Milner’s type
system for the functional language ML, and has been im-
plemented in the Goedel programming language [13]. This
system, however, lacked flexibility and precision (some im-
provements have been proposed for example in [11]). As
a practical consequence many program errors were not de-
tected.

Another approach due to Aiken and Lakshman is based
on the notion of a directional type |5, 1, 4, 3, 18] which dis-
tinguished input and output types of a predicate. This sys-
tem is much more precise, it captures both procedural and
declarative properties of logic programs, provides a good fa-
cility to describing data-flow in a program but its usefulness
is limited by the lack of polymorphism. Moreover, in this
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system there was not a good notion of a principal type of a
predicate. This was related to the fact that predicates could
be used in many different modes, (e.g. the predicate append
can be used either to concatenate or to split a list).

In this paper we describe a type system for logic programs
with the LD-derivation rule [2] which enjoys all essential fea-
tures of the existing directional type systems, it is moreover
polymorphic, incremental, and has subtypes. Furthermore,
a predicate has the principal type, from which all types of
this predicate can be obtained by subtyping, substitution
and a new operation called pruning.

To a large extent we follow Aiken and Lakshman [1]. Di-
rectional type of a predicate is a pair

(715, Tn)y (015 ..y 0n))

of tuples, written as (71,...,7) — (01,...,0n), in which
(T1,...,7n) are called input types and (o1,...,0,) output
types of a predicate. A predicate p has the directional type
(T1,...,™) — (01,...,0n) if the following is true: when-
ever, for ¢ € {1,...,n}, the term ¢; has the type 75, then
after a successful derivation of the goal p(ti,...,tn), the
term ¢; has the type o;. In order to describe input and out-
put types Aiken and Lakshman used regular sets of terms
(see [9, 15, 12]). They provided a procedure which checks
whether a program is well typed with respect to a given set
of directional types. The complexity of the type verification
and inference in the Aiken—Lakshman system was studied
by Charatonik and Podelski [7] who gave an algorithm for
the inferring directional types. Charatonik [6] showed that
directional type checking is EXPTIME-complete. Types in
the Aiken-Lakshman system are not polymorphic. J. Boye
and J. Maluszyiiski in [3, 4] designed a system where direc-
tional types are merged with polymorphic types of terms.

In our type system input and output types are not regular
sets. To describe them we follow the notion of a polymor-
phic type taken from [16] and [14]. Types of terms are con-
structed from variables and type constructors, we also allow
union and intersection of types. Furthermore, we have a sub-
typing relation. Subtyping and well-typedness are described
by a system of derivation rules.

A predicate can have many directional types. Each of
them is related to a particular way of using a predicate.
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called pruning which like substitution and subtyping, is a
method of deriving types.
We provide algorithms for type-checking, and for recon-



struction of main types. We give also some upper and lower
bounds for problems of type checking and type reconstruc-
tion. The implementation, which is briefly described in the
paper, indicates the potential that the system can be used
in practice.

This paper is an extended abstract of [19] where technical
details and proofs are given.

The paper is organized as follows. In Section 2 we de-
scribe types of terms. In Section 3 we introduce types of
predicates. We give inference rules that describe the notion
of well-typedness of a program, and we shortly describe a
type-checking procedure based on these rules. In Section
4 we introduce the notion of the main type and provide
an algorithm computing it. In Section 5 we describe how
our type system can be used to eliminate run time errors,
and finally in Section 6 the implementation of our system is
shortly discussed.

We assume that the reader is familiar with basic concepts
concerning logic programming and Prolog (presented for in-
stance in [2] and [20]).

2. TYPES OF TERMS

Let V be the set of program variables (denoted by let-
ters X,Y,...), ¥ — the set of term constructors (denoted
by f,g,...), Vr — the set of type variables (denoted by
o, B,...), 1 — the set of type constructors (like int, real
list, tree, denoted by F,G,... ). Every element of ¥ and X
has a fixed arity (number of arguments).

Definition 1. A type is defined by the following grammar:
Tu=a|T|L]|F(m,..

) N7 | TIUTe

where a € Vr, F' € ¥7, and F has the arity n. Types con-
structed using constructor of the arity 0, such that int, real,
are called atomic. Types containing type variables are called
polymorphic, while types without type variables are called
monomorphic.

Definition 2. A type formula has the form 7 =oc or t: 7,
where 7 and o are types, and ¢ is a term over ¥ and V. We
denote the set of type formulas by ¢, and elements of this
set by ¢, v, ...

A formula 7 < o is a shorthand for 7No = 7. The symbol
< expresses a subtyping relation.

Definition 3. An environment I is a finite set of formulas
of the form (X : 7), where X is a program variable and 7
is a type, and for each variable X there is in I' at most one
element of the form (X : 7).

The set {X | there exists a type 7 such that (X : 7) € I'}
is denoted by dom(T"). If X € dom(T"), then I'(X) denotes
the type 7 such that (X : 7) € I. If X ¢ dom(I") we agree
toset ['(X) =T.

In the remainder of the paper we introduce axioms and
rules which allow to prove facts of the form I' - . We write
F ¢ instead of 0 - .

In our type system (as in the system of Mycroft and
O’Keefe) each term constructor has an assigned signature.
We write f : s if s is the signature of f. Signatures assigned
to term constructors determine types of terms.

We assume that signatures satisfy conditions which are
necessary to prove some important properties of our type

system related to the notion of the main type presented in
Section 4. Since these conditions have technical character,
we give them in Appendix A.

Ezample 1. Assume following signatures for the standard
term constructors:

1] : axlist(a) — list(x)

[0 : lst(a)
pair : ax* [ — prod(«a, 3)
0,1,2 : int

5.2 : real

+ : ezpr(a) * expr(a) — expr(a)

We use the Prolog-like convention of writing lists. Thus
[X|L] represents a list with the head X and the tail L. More-
over, [X,Y|L] is a shorthand for [X|[YIL]].

We assume that there is a predefined ordering <s of monomor-

phic types satisfying conditions given in Appendix A.

Ezample 2. We can assume the following order on stan-
dard types:

it <g real, int <g ezpr(int), real <s expr(real)

We will use signatures from Example 1 and inequalities from
Example 2 in the rest of the paper.

Our system is equipped with equality axioms and term
typing rules. They have a fairly standard form, and are
given in Appendix B.

Recall that 7 < o is defined as a shorthand for TNo =T,
thus the equality axioms allow us to prove facts of the form
F 7 < 0. Equality axioms guarantee that - 7 < o whenever
T <g 0.

Ezample 3. Using equality axioms one can prove that
Fan(BUy) =(anp)u(any),
F list(a) N list(B) = list(a N B),
Fa<T,
Fl<a,
F list(int) N o < list(real) U B.

Ezample 4. We can use term typing rules to prove that
0+ 1+2 : ezpr(int),
{X : real} - 14X : expr(real),
{X : real, L : list(int)} & [X,21L] : list(real),
{X:a,L:lst(a)} b [X,2IL] : lLst(a U int).

3. TYPES OF PREDICATES

Now we define types for predicates, namely directional
types. We also give some basic intuitions and examples.

Definition 4. If 7; and o; (for 1 < i < n) are types, then
(T1,..,Tn) — (01,...,0n) is a directional type.

The left-hand side of such a type is called an input type
or an assumption, whereas the right-hand side is called an
output type or a guarantee. Sometimes, when it does not
cause any confusions, we write 7 instead of (71,...,7n).



The intuitive meaning of a directional types is as fol-
lows. A predicate p has a directional type (71,...,7n) —
(01,...,0n) if the following is true: whenever, for: € {1,...,
a term t; has the type 7, then after a successful derivation
of the goal p(t1,...,tn), the term ¢; has the type o;.

In the next section we introduce rules which allow to prove
that a predicate has a directional type. Now let us consider
a few informal examples.

Ezample 5. Consider the following predicates and their
types.

q(X) :- X=2.
q(X) :- X=3.14.
r(X,Y,pair(X,Y)).
q: T — real

r : (T, T,prod(a, §)) — (a, B, prod(a, §)))

The type of the predicate q means that X, after a success-
ful call of q(X), becomes a real number. The type of the
predicate r means: ‘if we know that the third argument has
the type prod(t, o), then after a successful call of r the first
argument is of the type 7, while the second is of the type o’.

Ezample 6. A predicate may have many types. Let us
consider the program:

p(D).
unif (X,X).

Predicate p has the type T — list(L), but, of course, it
has also the weaker types T — list(real) and T — T. The
predicate unif, which unifies its arguments, has the type
(a,8) = (N B,an B), but it has also the type (a, T) —
(o, ).

Ezample 7. Now consider the predicate append.

append( [1, X, X ).

append( [X|Xs], Ys, [X|Zs]) :- append(Xs,Ys,Zs).

It has the following types:

(1) (T, T, list(vy)

) — (list(v), list(y), list(7))
(2) (list(a), list(B), T)
)
l

— (list(), list(B), list(a U 3))
(3) (list(w), list(B), list(vy)) —

(List(a N y), list(B N ), list(y N (U B)))
4) (T, list(B), list(~y)) — (list(y), list(B N ~), list(7))
(5) (list(a), T, list(y)) — (list(a N ), list(y), list(vy))

Let us observe that different types correspond to different
ways in which the predicate is used: (1) corresponds to split-
ting a list into two parts, (2) to appending lists, (3) to check-
ing whether two lists joined together are equal to the third
one, (4) to deleting the suffix of the list, (5) to deleting the
prefix of the list.

Example 7 shows that the existence of many types for
one predicate can be very useful. It describes an important
feature of logic programming languages: a variety of possible
applications of a predicate.

3.1 Predicate typing rules

The purpose of this section is to define well-typedness
of a program. In order to do it we introduce relation =,
called the consequence operator, relations InferFromAtoms,
and ClauseHasType.

Definition 5. For environments I'y and I's

Nny={(X:7) | X € dom(I'1) Udom(T2),
T = Pl(X) ﬂFQ(X) }

Ul ={(X:7) | X € dom(I'1) Ndom(T'2),
T = Fl(X) UFQ(X) }

In Figure 1 we present rules which allow us to deduce
some new information from facts of the form (¢ : 7) and
accumulate them in an environment. In order to do that, we
introduce a new relation =>. If I and I' are environments,
© has the form (t1 : 71,...,tn : 7o) then I, = I' means
that T" and ¢ imply I''. If ¢ is of the form (X : 7), it can be
just added to I', what in fact is done in (Kp).

The consequence rules are constructed in such a way that
the choice of a rule to be applied is determined by ¢ and 7.
Therefore, we have (K5) and (Ks) instead of a more general
rule I', (¢ : 7) = T'. In rule (K4) we deduce an arbitrary
environment I from the obviously false assumption ¢ : L
(it is false because no term has the type L).

Ezample 8. One can prove that
{X:a, Y:8},([XIY] : list(int)) =
{X :anint, Y : N list(int)}

Definition 6. A directional type of a program is a set

T C{(p:T—0)| pisa predicate name,
T — o is a directional type }.

Note that there can be many types for one predicate in a
directional type of a program.

In Figure 2 we give rules for relations InferFromAtoms
and ClauseHasType. These relations will be used in the
definition of well-typedness. The relation

(6) InferFromAtoms(7, T, (a1, ..., an),I")

is defined for a directional type 7 of a program, environ-
ments I,V and a sequence (ai,...,an) of atoms. () in
the rule (P1) represents the empty sequence. The intended
meaning of (6) is ‘if predicates have types described by 7,
variables have types described by I', then, after the exe-
cution of the sequence (ai,...,ay) of atoms, variables get
types described by I'”’. The relation

(7) ClauseHasType(7,C, 7 — o)

is defined for a directional type 7 of a program, a clause C,
and a directional type (7 — o). B in the rule (P3) denotes
the body of a clause, i.e. a sequence of atoms. The intended
meaning of (7) is ‘if the clause C' is executed with arguments
of the type 7, then after the execution the arguments gets
the type o’.

We can treat rule (P3;) as a description of an algorithm
working in three steps. First, information about variables is
inferred from the fact that argument has the type 7. Second,
InferFromAtoms is performed to obtain types of variables af-
ter executing the body of the clause. And finally, guarantees



Figure 1: Consequence rules

F,(tizri):>Fi (1§z§n)

D,(t1:71,. . ytn i) =101 NT,
L,(ti:mf) =Ty (1<i<n)
K == if f: ek Ty —
(K2) T (f(t o obn) i 78) > TaM AT, L imxxm=T
if there is no signature
(Ks) L, (f(t1, ... tn) :7) =T T1%- % Ty — 70 assigned to f
such that head(7) = head (7o)
(Ka4) It:1)=T1'
(Ks) I,(t:T)=T
(Ks) D, (f(t1,... tn) i) =T
F,(t:TZ‘):>Fi (1§’L§7’L)
(K7)
Lt:mN...N1)=0Ti0---NC,
L,t:m)=T (1<i<n)
(Ks)
Dt:mU...Um)=>T1U---UT,
(Ko) D(X:7)=TInN{X:7} ifr#£LandT#T
Figure 2: Program typing rules
(P1) F InferFromAtoms(7,T, (),T)
Tht:m0, Thti:ml, T,(t1:010,...,ty : 0,0) =T,
P F InferFromAtoms(7,T7, (a2, ...,ax), ")
(72) F InferFromAtoms(7, T, (p(t1,...,tn),a2,...,ak), ")
if (p:(71,...,7) — (01,...,00)) €T,
0,(t1: 71,y tn : ) = Iy,
(Ps) F InferFromAtoms(7,T'1, B,T'2), D2k ti:01,...,labt,:0n
’ F ClauseHasType(T, p(t1,....tn) == B, (T1,.-.,7n) — (01,.-.,0n))

are checked, i.e. it is proved that argument of the predicate
has the type o.

The next definition introduces the notion of well-typednes
of a program. In this definition, h(C) denotes the predicate
symbol of the head of the clause C, i.e. if C is of the form
po(td, .., t9) = pi(t, ... tny)s. o pe(th, ..., th, )  then
h(C) = po.

Definition 7. A program P is well-typed with respect to
a directional type 7 iff

F ClauseHasType(7,C, 7 — o)

holds for each C' € P, and for each directional type (7 — o)
such that (h(C): 17 —0) € T.

If a program P, and a directional type 7 of a program
are fixed, and if P is well-typed with respect to 7, then
we write that a predicate p of P has the type (1t — o) if
(p:7—0)eT.

In Appendix C we present the Soundness Theorem which
states that the proof system defined by axioms and rules of
our system is sound.

3.2 Type checking

In this section we shortly describe the type checking al-
gorithm. Details and proofs can be found in [19]. We need
the following definition.

Definition 8. The result type for the clause C, the direc-
tional type 7 of a program and the assumption 7 is the least
type o such that - ClauseHasType(7,C, 7 — o).

The program typing rules (P1)—(Ps) together with the con-
sequence rules (K1)-(K9) can be used to compute the result
type.

Now suppose that we have a program P and a directional
type 7. In order to check whether or not P is well-typed
with respect to 7, we have to check, according to Definition
7, for every clause C' and for every (h(C) : 7 — o) € P



whether - ClauseHasType(7,C,7 — o) holds. In order
to do it we compute the result type for C, 7 and 7 and
then check whether it is less than o. So the type checking
algorithm consist of two stages: computing the result types
and comparing these types with the guarantees from the
types which we want to prove.

There is a form of type inequalities which can be checked
in polynomial time. Owur algorithm in order to compare
types transforms them and obtains the desired form of the
checked formula. It can cause the exponential growth of the
formula. The disjunctive and conjunctive normal forms of
boolean formulas can serve here as a not very far analogy.

LemMA 1. The type-checking s coNP-hard.

ProOF (SkETCH). We will show how to reduce check-
ing whether a boolean formula is a tautology to checking
whether a program has a given type.

For a given propositional formula ® we construct a pro-
gram P and a directional type 7 of a program in such a
way that ® is a tautology if and only the program P writ-
ten below has the type 7. Assume that ® is built using the
variables a1, ..., a,. We can assume, without lost of gener-
ality, that the negation appear only in front of the variables.
Here is the program P:

or(X,Y,X).

or (X,Y,Y).

and (X,X, ., X).  where ’and’ has arity nt+l
p(X1,X1°, ., Xn,Xn’, Z):-

or(X1,X1°,Z1),
and(Z1,...,Zn,Z).

, or(Xn,Xn’,Zn),

and the directional type of a program 7:

p: (a1, al, - an,an, T) —

(a1,al,+ am, 0, ® U(acrNal)U---U(an Nay))
or: (a,3,T) — (o, B, U )
and : (Q1,...,Qn, 1) = (Q1,...,Qn,a1...N ... Q)

where @’ is obtained from ® by replacing each literal —a;
by a new variable o}, and replacing A by N and V by U. [

LEMMA 2. Our type checking algorithm works in EXP-
TIME.

4. MAIN TYPE
4.1 Deriving types

A predicate can have many directional types. Polymor-
phism and subtyping describes natural relations between
them. In our system these relations are formulated as fol-
lows:

Definition 9. Let (11 — o1), (12 — 02) be directional
types. (72 — 02) is derived from (11 — o1) if there exists a
substitution 6 such that - 72 < 760 and F 010 < 0s.

When (172 — o02) is derived from (11 — o01), we write
(11 —o1) (72 — 02).

As we can see, (11 — 01) (2 — o2) holds if (72 —
02) can be obtained from (11 — o1) by weakening (wrt.
subtyping relation) and substitution. It is easy to prove
that relation  is transitive and reflexive.

THEOREM 1  (DERIVATION THEOREM). Assume that a
program P is well typed with respect to T, and

T ={p:7 =) | (p:7—0)eT,
(r—0) (7"—=d)}

Then the program P is also well typed with respect to T".

Informally, Theorem 1 states that if a predicate p has a
type (7 — o) then p has also the type (7" — o), for each
type (7" — o') such that (r — o) (7' — o).

Owing to the Derivation Theorem we can obtain a fam-
ily of valid types of some predicate from one type of this
predicate. In some type systems such a mechanism guar-
antees the existence of the principal type, i.e. the type of a
predicate from which other types of this predicate can be
derived.

In the case of directional types existence of principal types
is rather problematic. In Example 7 we have given five dif-
ferent types of append. All of them are useful, but there is
no type from which all these types can be derived. This cre-
ates a serious problem, because some predicates may have
exponentially many types (with respect to the length of a
predicate). In this section we present a new method of de-
riving types, called pruning, which enables us to develop the
notion of the main type of a predicate.

Before we give the exact definition, we introduce the prun-
ing operation informally. We define pruning for a set A
of type variables, and denote it by V4. Pruning preserves
1, T,U and N. Furthermore, Va(a) = o, when o ¢ A. The
crucial point of the definition is as follows: If a type vari-
able a € A then V(o) = T. Moreover, Va(F(11,...,Tn))
collapses to T whenever V4 recursively applied to 71,...,7n
gives T.

Definition 10. For a set A of type variables pruning is the
function V4 whose domain and range are sets of types. V4
is defined by the following equations:

T ifac A
Va(a) = a ifa;A
Va(F (71, ,1n))
=T ifvie{l,...,n}
=< FVa(rm)=T
" F(Va(r1),...,Va(m)) otherwise
Va(T)=T
Va(l)y=1

Va(rNo) =Va(r) N Va(o)
Va(rUo) = Va(1) UVa(o)

As we can see, pruning is a simple syntactic operation.
Consider an example. Let 7 = prod list(a), list(a N B3) .
Then we have

Viay(T) = prod T, list(T N j3)
Since F T N3 = 3, we can write
F Viay (1) = prod T, list(B)

and V{aﬁ}(T) =T.

THEOREM 2 (PRUNING THEOREM). Assume that a pro-
gram P is well typed with respect to T and
T =T U{(p:Va(r) — Va(o)) | AC V&,
(p:7—0)eT},



then the program P is also well typed with respect to T'.

The proof is given in [19]. Informally, the theorem states
that, for any set A of type variables, if a predicate p has the
type 7 — o then it also has the type Va(7) — Va(o).

Now, as we have a new tool that, together with substitu-
tion and weakening, can derive a correct type of a predicate
from another correct type, we can extend the definition of a
derivation.

Definition 11. Let 71 — o1, T2 — 02 be directional types.

(11 — 01) v (o — 02) iff

there exists a set A of type variables such that
(Va(m1) = Va(o1)) (12 — 02).

Definition 12. Let T and 7' be directional types of a pro-
gram. T is V-derivable from T’ if for each (p: 7 — o) €T
there exists (p: 7' — ¢') € T’ such that (' — o’) ¥ (7 —

o).

The following corollary is a consequence of Theorem 1 and
Theorem 2.

COROLLARY 1. If T’ is V-derivable from T, and a pro-
gram P is well typed with respect to T then P is also well
typed with respect to T UT'.

Ezample 9. Let us analyze how pruning works for the
predicate append. In our system one can prove that append
has the type:

(8) (list(e), list(B), list(¥))
— (list(a N y), list(B N ~), list(y N (U B)))

Let us denote this type by 7 and prune it as follows:

F Viay (1) =

(T, list(B), list(y)) — (list(y), list(B N ), list(7y))
E Vigy (1) =

(List(a), T, list(y)) — (list(a N ), list(y), list(y))
F Viap (1) =

(T, T, list(y)) — (list(y), list(7), list(y))

FVipy(r) =

(list(ex), list(B), T) — (list(w), list(B), list(a U 3))
FViasq (1) = (T, T,T) = (T,T,T)

All the types above are types of append, and all, except of

the last trivial one, were discussed in this paper. Therefore,
the type (8) is a good candidate for the main type of append.

4.2 Definition of the Main Type

Definition 18. A directional type 7 — o is proper if
Vo(o) = o. A directional type 7 of a program is proper
if all types occurring in 7 are proper.

One can see that the directional type (7 — o) is not
proper when o contains a part of the form F(T,..., T). For
instance, if 0 = prod(T,a) then (1 — o) is proper. But
when o = prod(T,T), then (7 — o) is not proper. That is
because Vi (prod(T,T)) =T.

Ezample 10. As an another example can serve directional
type

9) (T, T,T) — (lst(T), T, T).

One can prove that it is a type of the predicate append. This
type is not proper, since Vp(list(T), T, T) = (T, T, T).

Now we define the set of all proper types of a given pro-
gram, namely 7;501,.

Definition 14. For a program P let X = {7 | 7 is a
proper directional type such thag P is well typed with re-
spect to 7}. We define 7,),, = ;.1 7.

Roughly speaking, 7;,1?01, contains all proper types of pred-
icates of P. One can easily check that P is well typed w.r.t
’Zﬁop. Moreover, ’Z;I:Op is the biggest set of proper types with
this property: if we add any proper type to 7}501, obtaining
7', then P is not well typed w.r.t 7'.

Definition 15. A directional type 7 of a program P is the
main type of P if

(i) for each predicate p of the program P, 7 contains
exactly one element of the form (p: 7 — o),

(ii) 7,7, is V-derivable from 7.

For a fixed program P, 7 — o is the main type of a predicate
pif (p: 7 — o) belongs to the main type of P.

Not all programs have main types, which is not an dis-
advantage. Prolog is a type-free programming language, so
it is easy to imagine syntactically correct Prolog programs
that are not type-correct, no matter how we exactly under-
stand the latter. Type systems can reject such programs,
moreover, it should do so if it is to be an error detector.
On the other hand, it is quite understandable to want other
predicates meeting the requirements of type correctness to
have the main type.

Now we have to specify the term ‘type-correctness’ so
far used informally. Our perspective will be the Mycroft-
O’Keefe type paradigm on which many existing type sys-
tems for logic programming languages are based. As a result
of that, type correct programs are understood as these for
which principal types in the Mycroft-O’Keefe type system
can be reconstructed. In the next section we show that there
are main types for this class of programs (in fact, due to sub-
typing, the main type exists for the slightly wider class of
programs)?. The algorithm finding such a type is also given
in the next section.

It should be also mentioned that, directional types derived
from the main type of a predicate describe semantics of the
predicate more precisely than those in the Mycroft—-O’Keefe
type system.

As it is stated in Definition 15, all proper types of predi-
cates can be V-derived from the main type. But it may be
not the case when we consider some improper types. For
instance, it turns out that (9) cannot be V-derived from the
main type of append. It can be shown that all other types
of append can be V-derived from the main type.

2It can be also shown that the main type of such programs
is unique modulo variables renaming and type equivalence.



4.3 Reconstruction of types

In this section we present an algorithm which for a given
program P finds its main type. For the sake of simplicity of
presentation we restrict our attention to programs which do
not contain mutually recursive predicates. The algorithm,
however, could be easily adapted to handle the case of mu-
tually recursive predicates (see [14], [19]).

Definition 16. Let P be a program. Let p, g be predicate
names. We say that ¢ <p p if and only if there is a clause
in P with p in the head and ¢ in the body. We denote by
<% the transitive and reflexive closure of <p.

While reconstructing types we analyze predicates in order
given by <%. The input of a single step is a predicate p, and
types of predicates which are called in p. Such a step con-
sists of two stages. In the first stage, which is similar to the
type reconstruction in functional languages [8] or in some
logic programming languages [14], we find the left-hand side
of the main type. In the second stage we reconstruct the
right-hand side: we start from the very strong guarantees
(probably incorrect) and try to make them correct by weak-
ening.

We emphasize the connection between the algorithm which
finds the assumption for the predicate with the type re-
construction algorithm for the Mycroft-O’Keefe type system
(we call the latter MOTR). Our algorithm uses MOTR as
a procedure. The input to this procedure consists of an un-
typed predicate p, non-directional types for predicates used
in p and signatures for term constructors. The equivalent
version of the algorithm without such ‘external calls’ can be
found in [19].

The following definitions describe how to obtain non-di-
rectional types used in the Mycroft-O’Keefe type system (we
will call them MO-types®) when directional types are given.
The function £ finds for a given type the set of equations.
The solution of these equations is then used while converting
directional types to MO-types.

Definition 17. The function £ takes a type and a variable
and returns the set of equations. It is given by the following
equations.

E(a,B) ={a=p}
E(ri N2, B) = E(1, B) UE(T2, B)
E(M U, B)=E(n,B)UE(r2,B)
E(F (1. ym),B) =E(m1,B1) U -+ UE(Tn, Bn)
U{F(Br,...,Bn) = B}
E(a,B) =10
E((m1yerym),B) =E(m1, 1)U - UE(Tn, Bn)
U{(B,...,Bn) =B}

where «, 3 are variables, [(1,...,0, are new distinct vari-
ables, 71,72 are types, a is an atomic type or a € {1, T},
and F'is a type constructor.

The function U, which is defined below, converts a direc-
tional type to the MO-type.

Definition 18. Let T — o be a directional type. Let S be
&(o, ) where « is a new variable. Suppose that the most

3MO-type is either a type variable or it has the form
F(71,...,7n) where each 7; is a MO-type

general unifier for S exists and is equal to ©. Then we define

U(t — 0)=06(a)

For example, for every type 7 — o of the predicate append
defined in Example 7 we obtain

U(r — o) = (list(a), list(a), list(a)).

Figure 3 shows the type reconstruction algorithm. The
function Guarantee reconstructs the right-hand side of the
main type when the left-hand side is given, function Main-
TypeForPredicate reconstructs the main type of one predi-
cate, while the reconstruction of the main type of a program
is done by the function MainType.

We compute new signatures S’ before calling MOTR, be-
cause there is no subtyping in Mycroft-O’Keefe type system,
and an attempt to unify int and real would cause a type
clash. So we postpone the problems with atomic types up
to the reconstruction of guarantee.

In the next example we show how the function MainType-
ForPredicate works during the reconstruction of the main
type of append.

Ezample 11. There are no predicates used in append. Sup-
pose, however, to make this example more informative, that
the second clause of append has the form:

append ([X|Xs],Ys,[Z]Zs]) :-
X=Z, append(Xs,Ys,Zs).

The predicate = (the only predicate used in append) has
type T = (o, 8) = (anNB,anB) and U(T) = (e, ). There
are no terms of atomic types in append, so standard sig-
natures can be used. Now we call MOTR using standard
signatures and type (o, ) for =. This procedure returns
the type (list(c), list(c), list(«)) which is then transformed
to 70 = (list(x), list(B3), list(7)). Then we obtain the type

(10) 7 = (a0 N list(), Bo N list(B), vo list(7y))

which is the left-hand side of the main type.

While computing the function Guarantee we start with
oo = (L, L, 1), then, after analyzing of the first clause, we
obtain the type

o1 = (a0 N list(L), Bo N list(B N ), v N list(BN~))

The value of ResultType for the second clause is is equal to

(11) gy = 03 =
(co N list(a N 7y), Bo N list (BN ), 70 N list((a U B) Ny))

Taking the first or the second clause again cannot cause any
increase of the guarantee, so we have reached the fixed point.
The pair (10) and (11) is the main type of append.

In this case the variables ao, 8o and o do not propagate
any information from the assumption to the guarantee and
therefore can be deleted in order to make the type more
readable:

(list(a), list(B), list(y))
— (list(aN7y), list(B N 7), list(y N (U B)))
O

Now we state some important facts. The proofs can be
found in [19].



Figure 3: Reconstruction of the main type

function Guarantee(p : predicate, T :

let oo be (L,...,1)
add (p: 7 —00) to T
let i be 0
repeat

let i bei+1

assumptions, 7 : typing)

take a clause C from P with h(C)=p
let o; be o;—1UResultType(7, 7, C)
replace (p: 7 — 0i—1) by (p: 7 —03) in T

until - 0,1 = 03
return o;

function MainTypeForPredicate(p : predicate, 7 : typing, S : signatures)
let @ be the set of predicates called in p
for each predicate ¢ € Q with a main type 7 — o

compute my = U(T — 0)
{c:a | (c:a) € S,a is atomic, « is a new variable }

let S’ be

U{f:s| (f:9)€8,s=(mi* %7y —7),n>0}

let M be {m, | ¢ € Q}
let m, be MOTR(S’, M, p)

if m, = "type error" then return "type error"
let 70 be m, in which each variable is replaced by a new distinct one
let 7 be the type obtained from 7y by replacing

each subexpression of the form F(...) by anF(...)

where « is a new distinct variable

let o be Guarantee(p, 7, 7)

return 7 — o

function MainType(P : program, S : signatures)

set 7 to ?
repeat

take an untyped predicate p in P minimal according to <%
let T' be MainTypeForPredicate(p, 7, S)
if T = "type error" return "type error"

elseadd (p:7T)toT

until all predicates have main types

return 7

THEOREM 3. The function MainType eventually stops
and returns the main types of all predicates in a program
or reports ‘type error’.

THEOREM 4. If all predicates in P have types which could
be found by the algorithm MOTR then the function Main-
Type returns the main type of P.

Many type systems for logic programming are based on
the Mycroft-O’Keefe paradigm. The last theorem says that
‘reasonable’ predicates, i.e. predicates which have recon-
structable types in the Mycroft-O’Keefe type system, have
main types in our type system, and the algorithm MainType
is able to find them.

LEMMA 3. The reconstruction of guarantees is EXPTI-
ME-hard.

Proof of the last lemma is by reduction of RMBF problem*.

“Recursive Monotone Boolean Formula, see [10].

We have no proof of the complexity of the function Main-
Type in the general case. However, there is an important
class of discriminative types for which we are able to give
some upper bounds. We need the following definitions:

Definition 19. Let 71, 2 are types. We say that 7 is more
discriminative than 71 (written 71 <p 72) iff there are types
71, 75 such that = 71 = 7{, 75 is obtained from 7{ by replacing
some expression of the form F(o1,...,0,)UF(p1,...,pn) by
F(o1Up1,...,0nUpy) and - 72 = 75

Definition 20. A type T is discriminative if for every type
7" such that 7 <p 7" we have that - 7 = 7’.

Ezample 12. Types list(y N (e U B)) and ezpr(real) are
discriminative, while list(a) U list((3) is not since
list(a) U list(8) <p list(aU )

and F list(a) U list(8) = list(aU 8) does not hold. Similarly,
we can show that prod(T, ezpr(int) U expr(8 N real)) is not
discriminative.



In our type system for almost all predicates their main
types are discriminative. Our notion of discriminativeness
corresponds to discriminative types from [1] and to tuple
distributive sets from [21] (see [19] for details).

The following lemma holds:

LEMMA 4. If predicates have discriminative main types

then the algorithm MainTypeForPredicate works in 2- EXPTIME.

As our practical experiments show this high theoretical
complexity has no importance in practice.

5. CONSTRAINED DIRECTIONAL TYPES

Constrained directional types provide a mechanism which
allows us to express restrictions of the way in which predi-
cates can be applied.

The main type is a convenient and compact method of rep-
resenting the set of all proper types of a predicate. When we
attempt to type a new predicate, all we need to know about
previously typed predicates are their main types, since other
proper types can be V-derived from them. Since each predi-
cate has a proper type of the form (T,...,T) — (T,...,T),
our type system so far does not give a method to restrict
possibility of applying a predicate to a given term.

Definition 21. A pair
Q: <(T4)U)?(a’1 S bl?"'aa‘n S b2)>

is a constrained directional type if T — o is a directional
type, and, for each ¢ € {1,...,n}, b; is a monomorphic type,
and a; is a type constructed using only operators N, U and
variables occurring in 7 and o.

For a constrained directional type Q = (7 — o), (a1 <
bi,...,an < b2)) we define the set G(Q) of types generated
from Q:

G(Q) ={0(Va(r)) = 0(Va(0)) |
0 is a type substitution, A C V|
and, for i € {1,...,n}, 0(Va(a:)) < 0(Va(bi)) }.

Definition 22. A set S of the form

{(p: Q) | pis a predicate name,
Q is a constrained directional type }

is called a constrained type of a program. We define G(S) as
follows:

G ={p:7—0) | (p:Q) €S, (1 =0) €GQ)}

The program P is well-typed with respect to S iff it is well-
typed with respect to G(S).

Definition 23. Q is the most general constrained type of a
program P iff P is well-typed with respect to @, and, for any
constrained type @’ such that P is well-typed with respect
to @', G(Q) 2 G(Q').

One can show that a program has the most general con-
strained type, whenever it has the main type. In fact, the
most general constrained type consists of the main type, and
the less restrictive inequalities.

The idea of deal with constrained types is as follows.
The user can provide constrained types for some predicates.
Moreover, for some standard predicates (like arithmetic pred-
icates) constrained types are provided.

Now, for the untyped part of a program, the system should
reconstruct the most general constrained type. We have
an algorithm of reconstructing the most general constrained
type. It is in fact a slightly modified version of the type
reconstruction algorithm where conditions are computed to-
gether with guarantees (see Figure 3).

Ezample 13. Assume that the arithmetic predicate =< has
constrained type

(@, 8) = (e, ),

(The condition in this type can be expressed in the equiva-
lent form aU 3 < ezpr(real) as well). Consider the following
predicate.

a < expr(real), B < expr(real).

r(X,Y) :- X=Y, X=<Y.

The following constrained type for r is reconstructed:

(a,8) = (anp,anp),

Note that an ordering of atoms in a clause is meaningful.
If we change the ordering of atoms, we can obtain different
conditions. Consider a predicate r’:

an B < expr(real).

r’(X,Y) :- X=<Y, X=V.
The most general constrained type for this predicate is

(@, ) = (@nB,anp),

Hence, goal :- r(2,X) is typeable, while goal :- r’>(2,X)
is not (the system reports a type-error).

a < expr(real), B < expr(real).

More involved example is given in the next section where
implementation of our system is discussed.

6. IMPLEMENTATION

Our type system (including the type checking and con-
strained type reconstruction algorithm) has been imple-
mented in C++. We tested our implementation on pred-
icates from the Sterling & Shapiro book [20]. In spite of the
high theoretical complexity type checking and type recon-
struction algorithms performs quite well. Reconstruction of
the main type for a program with 74 predicates, 151 clauses
and 497 lines took on computer PC with Pentium IT and
gcc compiler less then 2 seconds.

Besides Prolog constructs discussed in this paper we con-
sidered the following: ;, ->, !, not, is, findall, bagof,
assert, retract, etc. The ‘second order’ predicates such as
findall or assert can be used only when the second order
argument is given explicitly, for instance:

findall (X, perm( [1,2,3], X), Y).

Below we use + and * instead of U and N, every signature
definition begins with the keyword sig, and after the functor
name we write ::. Type declarations are proceeded by the
keyword typeof. We separate the parts of a constrained
type using the keyword where.

Let us consider the program:

: A x 1list(A) -> list(A).
:: list(bot).

sig .’
sig [1

typeof >’
typeof =<’

(A,B)->(A,B) where A+B=<expr.
(A,B)->(A,B) where A+B=<expr.



quicksort([X[Xs],Ys) :-
partition(Xs,X,Littles,Bigs),
quicksort(Littles,Ls),
quicksort(Bigs,Bs),
append(Ls, [X|Bs],Ys).

quicksort([]1,[1).

partition([X|Xs],Y,[X|Ls],Bs) :-
X =< Y, partition(Xs,Y,Ls,Bs).

partition([X|Xs],Y,Ls, [X|Bs]) :-
X > Y, partition(Xs,Y,Ls,Bs).

partition([],Y,[1,[1).

For this program the type reconstruction algorithm com-
puted the following main types:

gsort : (list(a), list(B)) — (list(a), list(a N B)),
a < exp(real)
partition : (list(c), B, list(7y), list(9))
— (list(a N (yU)), B, list(aN ), list(a N b)),
and < exp(real),
anN~y < exp(real), B < exp(real)

By pruning we can obtain types which correspond to the
most common ways of using these predicates:

gsort : (list(a), T) — (list(), list(er)), a < exp(real)
partition: (list(e), 3, T, T) — (list(c), B, list(w), list(cx)),
a < exp(real), B < exp(real)

The restrictions described by constrained type is caused
by Prolog’s way of treating the arithmetic predicate =<. For
instance using quicksort with first argument which is not a
list of arithmetic expressions would cause the run-time error:
in this situation =< would be called with arguments which
cannot be evaluated to numbers.

7. CONCLUSIONS

In this paper we presented a type system which combines
the Mycroft-O’Keefe polymorphic types with the notion of
directional types introduced by Aiken and Lakshman in [1].
We introduced a new method of deriving types, called prun-
ing, and developed the notion of the main type. All proper
types of the predicate can be derived from its main type.
Moreover we give an algorithm which computes the main
type for a given program. We think that in spite of the
high theoretical complexity, our type checking algorithm
performs sufficiently fast to be used in practice.
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APPENDIX
A. SIGNATURES

Definition 24. T1 % - - -
n if
(i) 7 has the form F(au,...
distinct type variables,

(ii) for each i € {1,...

* T, — T 1S a signature of the arity
,a), where ai,...,qp are

,n}, 7; either is a type variable be-

longing to {a1,...,ax} or has the form G(51,. .., Bk),
where {01,...,0c} = {1, ..., o}

(iii) if 7 is atomic, then n = 0 (i.e. the left hand side is
empty).

If a signature has the arity 0 then we write 7 instead of
(— 7).

We assign to each term constructor f € X of the arity n
a signature of the arity n. We write f : s if the signature s
is assigned to f.

Conditions (ii) and (iii) of Definition 24 are necessary
to proving the Pruning Theorem, and Theorem 3. These
conditions may seem somewhat restrictively (especially (iii)
which prevents signatures like + : int* int — int), neverthe-
less these limitations turn out to be not serious when con-
sidered together with subtyping scheme of our type system
(see Examples 1 and 2).

We assume that there is a predefined ordering <s of mo-
nomorphic types such that

(i) if 7 <g 0, and T # o then 7 is an atomic type, and o
is a monomorphic type (i.e. type without variables),

(ii) if 7 <g F(o1,...,0n) and 7 <g F(o1,...
forallie {1,...,n}, o; = o}.

) U':z)v theny

B. AXIOMS AND RULES

In Figure 4 we present equality axioms of our system. Ax-
ioms (Ax1) — (Ax5) allow us to prove all standard properties
of equality, like reflexivity, symmetry and transitivity. Ax-
ioms (Ax6) — (Ax19) are well known universal properties of
a distributive lattice. Axioms (Ax20) — (Ax22) are specific
to our system.

In Figure 5 we present term typing rules. Most of them
are well-known from other type systems. These rules allow
us to prove facts of the form ¢ : 7 (the term t has the type
7). In these rules 6 denotes a type substitution.

C. CORRECTNESS OF THE SYSTEM

Intuitions behind our notion of a type is set based. A type
is a description of a subset of the Herbrand Universe H. We
describe the meaning of types by the semantic function [-]
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Figure 4: Equality Axioms

(Ax1) Fr=r7
Fr=1, ..., T =1,
(Ax2) FE(r1,...,m) = F(r{,...,7h)
for any type constructor F' of the arity n
Fri=7, Fr=mx
(Ax3) FrnnNm=rNT
- 7 /7
(Ax4) o=, Fz'g—/’rz
FriUmn=m7UT}
(Ax5) Fr=7, Fr=m, Frn=mn
Fr =1}
(Ax6) Frur=r
(AxT7) Frnr=r
(Ax8) FrUoc=0UT
(Ax9) Frno=onr
(Ax10) Fru(cUug) =(rUo)Ug
(Ax11) Frn(oeng) = (Tﬂa)ﬁ§
(Ax12) Fru(rno) =
(Ax13) Frn(rUo) =
(Ax14) Fru(ong) = (TUU)ﬂ(TU{)
(Ax15) Frn(cUué) =(rNno)u(rng)
(Ax16) FruT=T
(Ax17) FrNT =7
(Ax18) Frul=r
(Ax19) Frnl=1
Ax20 FrUo=o0 if7<so
(
Ax21 FrNo=rT1 ifr7<so
(
(Ax22) F F(11,...,7)NF(71,...,m0)
=F(riNTl,...,7 NTh)

from the set of monomorphic types into the powerset of
H.

Let A be the set of functions from types into the powerset
of H ie. A={5 | 6:T — 2"}. We define a partial order
< on A. Let 6,0’ € A. Then

§<¢" iff forallT €T () C (7).
Definition 25. Let [-] € A be the least function such that
() [L] = 2, and [T] =
(i1) [ruea] =[] Y [e],

(i) [rne] =[] N[e],
)

(iv) if 7 = F(m1,...,7Tn), then

[[’T]] :{f(tl,...,tk) cH |
fio1%-- %o — 00,
there exists 6 such that o060 <gs T,
and for each i € {1,...,k} t; € [0:0] }

Correctness of this definition is proved in [19].



Figure 5: Term Typing Rules

(1) Tre:T
(T2) Fru{X:7}-X:7

'Ht:7, 7' <r

(73) 'kt:7 -
I'tt:m, ..., THt:7,
T ) ki
(T) TEt:mn- N7
Fl_ i+ Tq 1< <
(Ts) tiimf (1<i<n) ffimis o xTy =7

'k f(ti,...,tn) : 70

Definition 26. =t : 7 if and only if, for any ground term
substitution ¢, t¢ € [7].

THEOREM 5 (SOUNDNESS THEOREM). Assume that a
program P is well-typed with respect to T, p is one of its
predicates, (p : 7 — o) € T, and 0 is any ground type
substitution. If = t : 70, and p(t) evaluates successfully
with computed answer substitution® 0, then = tn : of.

®See [2].
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