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Abstract. We introduce polynomials Bn
i (x;ω| q), depending on two parameters q and ω,

which generalize classical Bernstein polynomials, discrete Bernstein polynomials defined by
Sablonnière, as well as q-Bernstein polynomials introduced by Phillips. Basic properties of
the new polynomials are given. Also, formulas relating Bn

i (x;ω| q), big q–Jacobi and q–Hahn
(or dual q-Hahn) polynomials are presented.
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1. Introduction.

We define generalized Bernstein polynomials of degree n (n ∈ N) by

(1.1) Bn
i (x;ω| q) :=

1

(ω; q)n

[
n

i

]
q

xi (ωx−1; q)i (x; q)n−i (i = 0, 1, . . . , n),

where q and ω are real parameters such that q 6= 1, and ω 6= 1, q−1, . . . , q1−n. Here we use
the q-Pochhammer symbol defined for any c ∈ C by

(c; q)0 := 1, (c; q)k :=

k−1∏
j=0

(1− c qj) (k ≥ 1),

and the q–binomial coefficient given by[
n

i

]
q

:=
(q; q)n

(q; q)i (q; q)n−i
.

For convenience we shall always assume that q ∈ (0, 1), unless it is otherwise stated.
Alternative forms of the formula (1.1) are:

Bn
i (x;ω| q) =

1

(ω; q)n

[
n

i

]
q

i−1∏
j=0

(x− ωqj)
n−i−1∏
k=0

(1− xqk)(1.2)

= q(
i
2)

(−ω)i

(ω; q)n

[
n

i

]
q

(ω−1q1−ix; q)i (x; q)n−i.(1.3)
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Notice that the classical Bernstein polynomials (see, e.g., [3, p. 66])

(1.4) Bn
i (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n),

the discrete Bernstein polynomials [14], [15]

(1.5) bni (N, x) =
1

(−N)n

(
n

i

)
(−x)i(x−N)n−i (0 ≤ i ≤ n ≤ N ; N ∈ N),

where the Pochhammer symbol (c)k is defined for any c ∈ C by

(c)0 := 1, (c)k := c(c+ 1) · · · (c+ k − 1) (k ≥ 1),

as well as the q-Bernstein polynomials

(1.6) bni (x; q) =

[
n

i

]
q

xi (x; q)n−i (0 ≤ i ≤ n),

recently introduced by Phillips (see [10]–[12]), are limit or particular forms of the polynomials
Bn
i (x;ω| q). Namely, we have

lim
q↑1

Bn
i (x;ω| q) =Bn

i

(
x− ω
1− ω

)
,(1.7)

lim
q↑1

Bn
i (q−x; q−N | q) = bnn−i(N, x),(1.8)

Bn
i (x; 0| q) = bni (x; q).(1.9)

There are several possible applications of the polynomials Bn
i (x;ω| q). First, we can approx-

imate given function f ∈ C[0, 1] by a two-parameter family of polynomials

Bω,qn (f ;x) :=
n∑
i=0

f

(
[ i ]q
[n ]q

)
Bn
i (u;ω| q) (u = ω + (1− ω)x; 0 ≤ q, ω < 1),

where we use the notation (1.10). The linear operator mapping f to Bω,qn (f ; ·) is monotone;
moreover, using an argument similar to the one used in [12], one can show that Bω,qnn (f ; ·)
converges uniformly to f on [0, 1], provided 0 < qn < 1 and limn→∞ qn = 1.

Second, one may define a parametric curve Pω,qn (generalized Bézier curve, say) by

Pω,qn (t) =
n∑
i=0

WiB
n
i (u;ω| q) (u = ω + (1− ω)t; 0 ≤ t ≤ 1),

where Wi ∈ Rd (d ∈ {1, 2, 3}, i = 0, 1, . . . , n) are given points; this representation, like its
previously defined particular forms – Bézier curve [5, Chaper 4] and q-Bézier curve [10], is
advantageous for practical computations, on account of its shape preserving property, and
the numerical stability of the associated de Casteljau algorithm for curve evaluation (see § 2).

Third, as pointed out in [15], it sometimes needed to represent a polynomial given as a
linear combination of orthogonal polynomials in the form of a combination of Bernstein poly-
nomials (discrete, in that case); as a result, a stable algorithm of the polynomial evaluation
was obtained. In this connection, we show that coefficients of certain basic hypergeometric
orthogonal polynomials, called big q-Jacobi polynomials, in the generalized Bernstein poly-
nomial basis are evaluations of another basic hypergeometric orthogonal polynomials, named
dual q-Hahn polynomials. The inverse representation is also given; this time the so-called
q-Hahn polynomials are involved.
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In § 2, we give a list of basic properties of Bn
i (x;ω| q) such as recurrence and q−1-derivative-

recurrence relations, partition of unity, Bézier form of a polynomial, degree elevation, de
Casteljau algorithm, and q-Pochhammer polynomial representation, which are analogues of
the well-known properties of the classical Bernstein polynomials (see, e.g., [5, Chapter 4]).
In § 3, we give an explicit formula relating generalized Bernstein, big q-Jacobi and q-Hahn
polynomials (see Thm 3.1), while in § 4, another formula is given, relating big q-Jacobi,
generalized Bernstein, and dual q-Hahn polynomials (see Thm 4.1). Also, we show that
earlier results on connections between classical Bernstein and Jacobi polynomials ([4], [13]),
or discrete Bernstein and Hahn polynomials ([15], [13]), or q-Bernstein and little q-Jacobi
polynomials [2] can be easily recovered, using these theorems.

We end this section with a list of notation and terminology used in the paper. For more
details the reader is referred to the monographs [1] by G. Andrews, R. Askey and R. Roy, or
[6] by G. Gasper and M. Rahman, or the report [7] by R. Koekoek and R. Swarttouw. In the
sequel we make use of the convention

(c1, c2, . . . , ck)n :=
k∏
j=1

(cj)n, (c1, c2, . . . , ck; q)n :=
k∏
j=1

(cj ; q)n.

Also, for c ∈ C we define the q–number [ c ]q by

(1.10) [ c ]q :=
qc − 1

q − 1
.

The q- and q−1-derivative operators Dq and D1/q are given by

Dqf(x) :=
f(qx)− f(x)

(q − 1)x
, D1/qf(x) :=

f(x/q)− f(x)

(1/q − 1)x
, x 6= 0,

and Dqf(0) := D1/qf(0) := f ′(0), provided f ′(0) exists. Note that

lim
q→1

Dqf(x) = lim
q→1

D1/qf(x) = f ′(x)

if f is differentiable. Also, we have

(1.11) D r
q f(x) = q(

r
2)D r

1/q f(qrx) (r = 0, 1, . . .).

The generalized hypergeometric series is defined by (see, e.g., [1, § 2.1])

rFs

(
a1, . . . , ar

b1, . . . , bs

∣∣∣∣ z
)

:=

∞∑
k=0

(a1, . . . , ar)k
(1, b1, . . . , bs)k

zk,

while the basic hypergeometric series is defined by (see, e.g., [1, § 10.9])

rφs

(
a1, a2, . . . , ar

b1, b2, . . . , bs

∣∣∣∣ q; z
)

:=
∞∑
k=0

(a1, . . . , ar; q)k
(q, b1, . . . , bs; q)k

(
(−1)kq(

k
2)
)1+s−r

zk,

where r, s ∈ Z+ and a1, a2, . . . , ar, b1, b2, . . . , bs, z ∈ C.
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2. Properties of the generalized Bernstein polynomials.

Lemma 2.1. For n ∈ N and 0 ≤ i ≤ n the following holds true (in (iii)–(vi), we adopt the
convention that Bn

i (x;ω| q) = 0 for i < 0 or i > n):

(i) the zeros of Bn
i (x;ω| q) are: ω, ωq, . . . , ωqi−1, 1, q−1, . . . , qi−n+1;

(ii) Bn
i (x;ω| q) ≥ 0 for (a) 0 < q < 1, 0 ≤ ω < 1 and ω ≤ x ≤ 1, or (b) q, ω > 1 and

1 ≤ x ≤ ω;

(iii) Bn
i (x;ω| q) =

1− xqn−i−1

1− ωqn−1
Bn−1
i (x;ω|q) + qn−i

x− ωqi−1

1− ωqn−1
Bn−1
i−1 (x;ω|q);

(iv) Bn
i (x;ω| q) = qi

1− xqn−i−1

1− ωqn−1
Bn−1
i (x;ω|q) +

x− ωqi−1

1− ωqn−1
Bn−1
i−1 (x;ω| q);

(v) Bn
i (x;ω| q) =

[n− i+ 1 ]q
[n+ 1 ]q

Bn+1
i (x;ω| q) +

(
1− [n− i ]q

[n+ 1 ]q

)
Bn+1
i+1 (x;ω| q);

(vi)


D1/qB

n
i (x;ω| q) = q−i

[n ]q
1− ω

(
q Bn−1

i−1 (x; qω| q)−Bn−1
i (x; qω| q)

)
,

DqB
n
i (x;ω| q) = q−i

[n ]q
1− ω

(
q Bn−1

i−1 (qx; qω|q)−Bn−1
i (qx; qω|q)

)
;

(vii) Bn
i (cx;ω|q) =

n∑
j=i

Bj
i (c;ω|q)B

n
j (x;ω/c|q);

(viii) Bn+m
i+j (x;ω|q) = qj(i−m)

[
n+m

i+ j

]
q[

m

i

]
q

[
n

j

]
q

Bm
i (x;ω|q)Bn

j (qm−ix; qmω|q).

Proof.
(i), (ii), (viii) These properties follow immediately from the definition (1.1).
(iii), (iv) It is easy to oberve that (cf. (1.1))

[ i ]q
[n ]q

Bn
i (x;ω| q) =

x− ωqi−1

1− ωqn−1
Bn−1
i−1 (x;ω| q),(2.1)

[n− i ]q
[n ]q

Bn
i (x;ω| q) =

1− xqn−i−1

1− ωqn−1
Bn−1
i (x;ω| q).(2.2)

By combining these equations and using[
n

i

]
q

= qn−i
[
n− 1

i− 1

]
q

+

[
n− 1

i

]
q

=

[
n− 1

i− 1

]
q

+ qi
[
n− 1

i

]
q

,

we obtain the stated equations.
(v) Observe that 1− [n− i− 1 ]q/[n ]q = qn−i−1[ i+ 1 ]q/[n ]q, so that (2.1) implies(

1− [n− i− 1 ]q
[n ]q

)
Bn
i+1(x;ω| q) = qn−i−1

x− ωqi

1− ωqn−1
Bn−1
i (x;ω| q).
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By adding the above equation to (2.2), and replacing n by n+ 1 in the resulting equation, we
obtain the result.
(vi) We prove the first formula; the second formula follows from the first one by (1.11) with
r = 1. Let us write (cf. (1.3)) Bn

i (x;ω| q) = Cn,i(ω) f(x) g(x) with

Cn,i(ω) =
q(

i
2)(−ω)i

(ω; q)n

[
n

i

]
q

, f(x) = (ω−1q1−ix; q)i, g(x) = (x; q)n−i.

By using general properties of the q−1-derivative,

D1/q (αx; q)m = −α [m ]q (αx; q)m−1,(2.3)

D1/q(f g)(x) = D1/qf(x) · g(x) + f(x/q)D1/qg(x),

as well as equations

Cn,i(ω)

Cn−1,i−1(qω)
= − [n ]q

[ i ]q

ω

1− ω
,

Cn,i(ω)

Cn−1,i(qω)
=

[n ]q
[n− i ]q

q−i

1− ω
,

we obtain

D1/qB
n
i (x;ω| q) = −Cn,i(ω)

(
[ i ]qω

−1q1−i (ω−1q1−ix; q)i−1 (x; q)n−i

+ [n− i ]q (ω−1q−ix; q)i (x; q)n−i−1
)

= q−i
[n ]q
1− ω

(
q Bn−1

i−1 (x; qω| q)−Bn−1
i (x; qω| q)

)
.

�

Lemma 2.2. For n ∈ N, the following identities hold:
n∑
i=0

Bn
i (x;ω| q) ≡ 1 (partition of unity),(2.4)

n∑
i=0

[ i ]q
[n ]q

Bn
i (x;ω| q) =

x− ω
1− ω

.(2.5)

Proof. To prove (2.4), set a = x and b = ω/x in the identity (see, e.g., [1, § 10, Exercise 9])

(ab; q)n =
n∑
i=0

[
n

i

]
q

ai (b; q)i (a; q)n−i.

We prove (2.5) by induction on n. For n = 1, this equation is obviously true. Assume that it
holds for a certain n ∈ N. By using (2.1) and (2.4), we obtain

n+1∑
i=0

[ i ]q
[n+ 1 ]q

Bn+1
i (x;ω| q) =

n∑
i=0

x− ωqi

1− ωqn
Bn
i (x;ω| q)

=
x− ω

1− ωqn
+

ω

1− ωqn
n∑
i=0

(1− qi)Bn
i (x;ω| q)

=
x− ω

1− ωqn
+ ω

1− qn

1− ωqn
n∑
i=0

[ i ]q
[n ]q

Bn
i (x;ω| q)

=
x− ω

1− ωqn
+ ω

1− qn

1− ωqn
· x− ω

1− ω
=
x− ω
1− ω

.
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Hence, the identity holds true for n = 1, 2, . . .. �

Lemma 2.3. Polynomials Bn
0 (x;ω| q), Bn

1 (x;ω| q), . . . , Bn
n(x;ω| q) form a basis in the space

Πn of polynomials of degree ≤ n.

Proof. The lemma may be easily justified using Lemma 2.9. �

By the above lemma, any polynomial p ∈ Πn can be written in the generalized Bézier form

(2.6) p(x) =
n∑
i=0

βiB
n
i (x;ω| q).

Lemma 2.4. For (a) 0 < q < 1, 0 ≤ ω < 1 and ω ≤ x ≤ 1, or (b) q, ω > 1 and 1 ≤ x ≤ ω,
the graph of the polynomial (2.6) lies in the convex hull of the points

Wi =

(
(1− ω)

[ i ]q
[n ]q

+ ω, βi

)
(i = 0, 1, . . . , n).

Proof. By using Lemma 2.2 we obtain

(x, p(x)) =

(
ω + (1− ω)

x− ω
1− ω

, p(x)

)
=

(
ω

n∑
i=0

Bn
i (x;ω| q) + (1− ω)

n∑
i=0

[ i ]q
[n ]q

Bn
i (x;ω| q),

n∑
i=0

βiB
n
i (x;ω| q)

)

=

n∑
i=0

Bn
i (x;ω| q)Wi.

Hence, in view of part (ii) of Lemma 2.1 and (2.4), the point (x, p(x)) is a convex linear
combination of the points W0, W1, . . . ,Wn. �

Lemma 2.5. Let p ∈ Πn be given in the generalized Bézier form (2.6). Then for r = 0, 1, . . .,
we have

(2.7)


D r

1/q p(x) =

∏r−1
j=0 [n− j ]q

(ω; q)r

n−r∑
i=0

(
q−i∆

)r
βi ·Bn−r

i (x; qrω| q),

D r
q p(x) = q(

r
2)
∏r−1
j=0 [n− j ]q

(ω; q)r

n−r∑
i=0

(
q−i∆

)r
βi ·Bn−r

i (qrx; qrω|q),

where ∆ is the forward progression operator, ∆βi = βi+1 − βi.

Proof. It suffices to prove the first formula; the second formula follows from the first one by
(1.11). For r = 0, the first equation (2.7) is trivial. Let us consider the case r = 1. By using
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part (vi) of Lemma 2.1, we obtain

D1/qp(x) =
n∑
i=0

βiD1/qB
n
i (x;ω| q)

=
[n ]q
1− ω

n∑
i=0

βiq
−i (q Bn−1

i−1 (x; qω| q)−Bn−1
i (x; qω| q)

)
=

[n ]q
1− ω

n−1∑
i=0

(
q−i∆

)
βi ·Bn−1

i (x; qω| q).

Generalization to higher-order q−1-derivatives is straightforward. �

Lemma 2.6. Let p ∈ Πn be given in the form (2.6). The q-Pochhammer polynomial expansion
of p is given by

(2.8) p(x) =
n∑
i=0

[
n

i

]
q

(−1)i
(
qi−n∆

)i
βn−i

(ω; q)i
(x; q)i.

Proof. First observe that if a0, a1, . . . , an are coefficients in

p(x) =

n∑
i=0

ai (x; q)i,

then we have

(2.9) (−1)i[ 1 ]q[ 2 ]q · · · [ i ]qai =
(
D i

1/qp
)

(1) (i = 0, 1, . . . , n).

This can be proved by induction on i, using (2.3). Now, by using Lemma 2.5, and the part
(i) of Lemma 2.1, we obtain (cf. (2.7))(

D i
1/qp

)
(1) =

∏i−1
j=0 [n− j ]q

(ω; q)i

(
qi−n∆

)i
βn−i (i = 0, 1, . . . , n).

Comparing this formula with (2.9) gives

ai =

[
n

i

]
q

(−1)i
(
qi−n∆

)i
βn−i

(ω; q)i
(i = 0, 1, . . . , n).

�

Lemma 2.7 (Generalized de Casteljau algorithm). Given the polynomial (2.6), let the quan-
tities β(k)i (k = 0, 1, . . . , n; i = 0, 1, . . . , n− k) be defined in the following recursive way:

β
(0)
i := βi (i = 0, 1, . . . , n);(2.10)

β
(k)
i :=

1− xqn−k−i

1− ωqn−k
β
(k−1)
i +

(
1− 1− xqn−k−i

1− ωqn−k

)
β
(k−1)
i+1(2.11)

(k = 1, 2, . . . , n; i = 0, 1, . . . , n− k).

Then p(x) = β
(n)
0 .
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Proof. By using part (iii) of Lemma 2.1, we obtain

p(x) =

n∑
i=0

βiB
n
i (x;ω| q)

=

n∑
i=0

βi

(
1− xqn−i−1

1− ωqn−1
Bn−1
i (x;ω| q) + qn−i

x− ωqi−1

1− ωqn−1
Bn−1
i−1 (x;ω| q)

)

=

n−1∑
i=0

β
(1)
i Bn−1

i (x;ω| q),

β
(1)
i being defined according (2.11). Repeating the above process n times we arrive in

p(x) =
n−k∑
i=0

β
(k)
i Bn−k

i (x;ω| q) (k = 1, 2, . . . , n).

The last form is p(x) = β
(n)
0 . �

Lemma 2.8 (Degree elevation). The nth degree polynomial (2.6) can be represented in the
generalized Bernstein basis of degree n+ 1,

(2.12) p(x) =

n+1∑
i=0

β∗i B
n+1
i (x;ω| q),

where

(2.13) β∗i :=
[n− i+ 1 ]q

[n+ 1 ]q
βi +

(
1− [n− i+ 1 ]q

[n+ 1 ]q

)
βi−1

(i = 0, 1, . . . , n+ 1).

Proof. It suffice to use formula of part (v) of Lemma 2.1 in the expression (2.6) for the
polynomial p. �

The next two lemmas give a representation of the polynomials (1.1) in terms of the q-
Pochhammer polynomials (x; q)k, as well as the so-called inverse representation.

Lemma 2.9. For n ∈ N and 0 ≤ i ≤ n, the following relation holds:

(2.14) Bn
i (x;ω| q) = (−1)i q

1
2
i(i+1)−in

[
n

i

]
q

i∑
k=0

[
i

k

]
q

(−1)k q(
k
2)

(x; q)n−k
(ω; q)n−k

.

Proof. First observe that for any n ∈ N and i = 0, it takes the form

Bn
0 (x;ω| q) =

(x; q)n
(ω; q)n

,

which is in agreement with the definition (1.1). In the remaining part of the proof we use
induction on n. Write formula (2.14) in the form

Bn
i (x;ω| q) =

i∑
k=0

α
(n)
i,k (x; q)n−k,



GENERALIZED BERNSTEIN POLYNOMIALS 9

where

α
(n)
i,k := (−1)i+kq(

i+1
2 )+(k2)−in

[
n

i

]
q

[
i

k

]
q

1

(ω; q)n−k
,

and assume that it holds for a certain n and for 0 ≤ i ≤ n. By using (2.1), we obtain for
i = 1, 2, . . . , n+ 1

Bn+1
i (x;ω| q) =C (ωqi−1 − x)Bn

i−1(x;ω| q)

=C (ωqi−1 − x)
i−1∑
k=0

α
(n)
i−1,k (x; q)n−k

=C
i∑

k=0

qk−n{(1− xqn−k)− (1− ωqn−k+i−1)}α(n)
i−1,k (x; q)n−k

=C q−n
i∑

k=0

qkα
(n)
i−1,k

{
(x; q)n+1−k − (1− ωqn−k+i−1) (x; q)n−k

}
=C q−n

i∑
k=0

qk
{
α
(n)
i−1,k − q

−1(1− ωqn−k+i)α(n)
i−1,k−1

}
(x; q)n+1−k

=
i∑

k=0

α
(n+1)
i,k (x; q)n+1−k,

where C := [n+ 1 ]q/ ([ i ]q(ωq
n − 1)). (We adopted the convention that α(n)

i−1,i = α
(n)
i−1,−1 =

0.) �

Lemma 2.10. The Pochhammer polynomials have the following representation in the gener-
alized Bernstein polynomial basis:

(2.15)
(x; q)j
(ω; q)j

=

[
n

j

]−1
q

n−j∑
m=0

qjm
[
n−m
j

]
q

Bn
m(x;ω| q) (0 ≤ j ≤ n; n ∈ N).

Proof. First observe that for any n ∈ N and j = n it reduces to

(x; q)n
(ω; q)n

= Bn
0 (x;ω| q),

hence is obviously true. In the remaining part of the proof we use induction on n. Obviously,
(2.15) is true for n = j = 0. Assume that it holds for a certain n and 0 ≤ j ≤ n, then use
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Lemma 2.8 to obtain

(x; q)j
(ω; q)j

=

n−j∑
m=0

β
(n)
j,mB

n
m(x;ω| q)

=

n+1−j∑
m=0

(
[n+ 1−m ]q

[n+ 1 ]q
β
(n)
j,m

+

(
1− [n+ 1−m ]q

[n+ 1 ]q

)
β
(n)
j,m−1

)
Bn+1
m (x;ω| q)

=

n+1−j∑
m=0

β
(n+1)
j,m Bn+1

m (x;ω| q) (0 ≤ j ≤ n),

where

β
(n)
j,m := qjm

[
n

j

]−1
q

[
n−m
j

]
q

.

Thus, identity (2.15) holds for any n ∈ N and 0 ≤ j ≤ n. �

3. Big q–Jacobi polynomial expansion of generalized Bernstein polynomials.

Recall that the big q-Jacobi polynomials are defined by (see, e.g., [6, (7.3.10)], or [7, § 3.5])

(3.1) Pk(x; a, b, c|q) := 3φ2

(
q−k, abqk+1, x

aq, cq

∣∣∣∣ q; q
)

(k ≥ 0),

and the q-Hahn polynomials are given by (see, e.g., [6, Eq. (7.3.21)], or [7, § 3.6])

(3.2) Qk(q
−x; a, b,N |q) := 3φ2

(
q−k, abqk+1, q−x

aq, q−N

∣∣∣∣ q; q
)

(k = 0, 1, . . . , N ; N ∈ N).

We will prove the following formulas relating the generalized Bernstein, big q-Jacobi and
q-Hahn polynomials.
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Theorem 3.1. Generalized Bernstein polynomials have the following representation in the
big q-Jacobi polynomial basis:

Bn
i (x;ω| q) = (−1)iq(

n−i
2 )(−aq)n

[
n

i

]
q

(bq; q)n

(abq2; q)n
(3.3)

×
n∑
j=0

q−(j+1
2 )
(
−q

n

a

)j (abq2; q)2j (aq, abq, q−n; q)j

(abq; q)2j (q, bq, abqn+2; q)j

×Qn−j
(
qi−n;

q−n−1

b
,
q−n−1

a
, n
∣∣ q)Pj(x; a, b,

ω

q

∣∣ q) ;

Bn
i (x;ω| q) = (−1)iq(

n−i
2 )(−cq)n

[
n

i

]
q

(bω/c; q)n
(bqω; q)n

(3.4)

×
n∑
j=0

q−(j+1
2 )
(
−q

n

c

)j (bqω; q)2j (cq, bω, q−n; q)j

(bω; q)2j (q, bω/c, bωqn+1; q)j

× Qn−j

(
qi−n;

cq−n

bω
,
q−n−1

c
, n
∣∣ q) Pj

(
x;
ω

q
, b, c

∣∣ q) .
Proof. By inserting (cf. [8])

(x; q)k =
(aq, cq; q)k
(abq2; q)k

k∑
j=0

(−1)jq(
j
2)
[
k

j

]
q

(abq2; q)2j (abq; q)j

(abq; q)2j (abqk+2; q)j
Pj(x; a, b, c|q)

into (2.14), we obtain

Bn
i (x;ω| q) = (−1)i q

1
2
i(i+1)−in

[
n

i

]
q

n∑
j=0

Cj(ω)Pj(x; a, b, c|q),

where

Cj(ω) =(−1)jq(
j
2)

(abq2; q)2j (abq; q)j
(abq; q)2j

×
min(i,n−j)∑

k=0

[
n− k
j

]
q

[
i

k

]
q

(−1)kq(
k
2) (aq, cq; q)n−k

(ω, abq2; q)n−k (abqn−k+2; q)j
.

Using properties of the q-Pochhammer symbol (see, e.g., [6], or [7, § 0.2]), we obtain

Cj(ω) =
(aq; q)n (cq; q)n

(abq2; q)n (ω; q)n
(−1)jq(

j
2)

(abq2; q)2j (abq, qn+1−j ; q)j

(abq; q)2j (q, abqn+2; q)j

×
min(i,n−j)∑

k=0

(qj−n, q−i, q1−n/ω, q−n−j−1/(ab); q)k
(q, q−n, q−n/a, q−n/c; q)k

(
b ω

c
qi
)k

.
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Hence, we have the formula

Bn
i (x;ω| q) =(−1)iq(

i+1
2 )−in

[
n

i

]
q

(aq, cq; q)n

(abq2, ω; q)n

n∑
j=0

qjn
(abq2; q)2j (abq, q−n; q)j

(abq; q)2j (q, abqn+2; q)j
(3.5)

×4φ3

(
q−i, qj−n, q1−n/ω, q−n−j−1/(ab)

q−n, q−n/a, q−n/c

∣∣∣∣ q; ωbqic
)
Pj(x; a, b, c|q).

By setting c = ω/q in the above formula, and applying the identity (cf. [1, Eq. (10.10.5)])

3φ2

(
qj−n, q−i, q−n−j−1/(ab)

q−n, q−n/a

∣∣∣∣ q; bqi+1

)

= q(n−j)(j+n+1) (ab)n−j
(q−n/b; q)n−j

(aqj+1; q)n−j
3φ2

(
qj−n, qi−n, q−n−j−1/(ab)

q−n, q−n/b

∣∣∣∣ q; q
)
,

we obtain after some algebra

Bn
i (x;ω| q) = (−1)iq

1
2
i(i+1)−in

[
n

i

]
q

(bq; q)n

(abq2; q)n

×
n∑
j=0

q
1
2
(n−j)(j+n+1)+jn(−a)n−j

(abq2; q)2j (aq, abq, q−n; q)j

(abq; q)2j (q, bq, abqn+2; q)j

× 3φ2

(
qj−n, qi−n, q−n−j−1/(ab)

q−n, q−n/b

∣∣∣∣ q; q
)
Pj(x; a, b, ω/q|q)

= (−1)n−iq
1
2
n(n+1)+ 1

2
i(i+1)−inan

[
n

i

]
q

(bq; q)n

(abq2; q)n

×
n∑
j=0

qjn−
1
2
j(j+1)(−a)−j

(abq2; q)2j (aq, qbq, q−n; q)j

(abq; q)2j (q, bq, abqn+2; q)j

×Qn−j(qi−n; q−n−1/b, q−n−1/a, n|q)Pj(x; a, b, ω/q|q),

which completes the proof of (3.3).
Formula (3.4) follows in a similar way, by setting a = ω/q in (3.5), and applying again [1,

Eq. (10.10.5)]. �

Remember that little q-Jacobi polynomials are given by (see, e.g., [7, § 3.12])

(3.6) pk(x;α, β|q) := 2φ1

(
q−k, αβqk+1

αq

∣∣∣∣ q; qx
)

(k ≥ 0).
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Corollary 3.2. q-Bernstein polynomials (1.6) have the following representation in the little
q-Jacobi polynomial basis:

bni (x; q) = (−1)n−iq(
n−i
2 )an

[
n

i

]
q

(bq; q)n

(abq2; q)n
(3.7)

×
n∑
j=0

qn(j+1) (abq2; q)2j (abq, q−n; q)j

(abq; q)2j (q, abqn+2; q)j

× Qn−j

(
qi−n;

1

bqn+1
,

1

aqn+1
, n
∣∣ q) pj( x

aq
; b, a

∣∣ q) .
Notice that equation (3.7) is equivalent to a formula obtained in [2].

Proof. By setting ω = 0 in (3.3), using (1.8), and the relation [7, § 3.5]

(3.8) Pj(x; a, b, 0| q) =
(bq; q)j
(aq; q)j

(−aq)jq(
j
2)pj

(
x

aq
; b, a

∣∣ q)
the result follows. �

Recall that the Jacobi polynomials are defined by (see, e.g., [1, p. 99], or [7, § 1.8])

(3.9) P
(α,β)
k (x) :=

(α+ 1)k
k!

2F1

(
−k, k + α+ β + 1

α+ 1

∣∣∣∣ 1− x
2

)
(k ≥ 0),

while the Hahn polynomials are given by [7, § 1.5]

(3.10) Qk(x;α, β,N) := 3F2

(
−k, k + α+ β + 1,−x

α+ 1,−N

∣∣∣∣ 1
)

(k = 0, 1, . . . , N ; N ∈ N).

Corollary 3.3. Bernstein polynomials (1.4) have the following representation in the Jacobi
polynomial basis (3.9):

Bn
i (x) = (−1)n−i

(
n

i

)
(β + 1)n

(α+ β + 2)n
(3.11)

×
n∑
j=0

(−1)j
(α+ β + 2)2j(α+ β + 1,−n)j

(α+ β + 1)2j(β + 1, α+ β + n+ 2)j

× Qn−j(n− i;−β − n− 1,−α− n− 1, n)P
(α,β)
j (2x− 1).

Notice that equation (3.11) is equivalent to a formula obtained in [13].

Proof. The result follows by setting a = qα, b = qβ in (3.7), letting q ↑ 1, using (1.7) and (cf.
[7, § 5.6])

lim
q↑1

pj(x; qβ, qα| q) = (−1)j
j!

(β + 1)j
P

(α,β)
j (2x− 1),(3.12)

lim
q↑1

Qn−j

(
qi−n; q−β−n−1, q−α−n−1, n

∣∣ q)(3.13)

= Qn−j(n− i;−β − n− 1,−α− n− 1, n) .

�
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Corollary 3.4. Discrete Bernstein polynomials (1.5) can be represented in the form

bni (N, t) = (−1)i
(
n

i

)
(β + 1)n

(α+ β + 2)n
(3.14)

×
n∑
j=0

(−1)j
(α+ β + 2)2j(α+ 1, α+ β + 1,−n)j

(α+ β + 1)2j(1, β + 1, α+ β + n+ 2)j

× Qn−j(i;−β − n− 1,−α− n− 1, n)Qj(t;α, β,N) .

Note that a formula equivalent to (3.14) has been obtained in [13].

Proof. The result follows from (3.3) by setting a = qα, b = qβ, ω = q−N , x = q−t, letting
q ↑ 1, and using (1.8), (3.13) and (cf. [7, § 5.6])

lim
q↑1

Pj(q
−t; qα, qβ, q−N−1| q) = lim

q↑1
Qj(q

−t; qα, qβ, N | q) = Qj(t;α, β,N).(3.15)

�

4. Generalized Bernstein polynomial expansion of big q–Jacobi polynomials.

Let us recall that the dual q-Hahn polynomials are defined by [7, § 3.7]

Rk (µ(x); γ, δ,N |q) := 3φ2

(
q−k, q−x, γδqx+1

γq, q−N

∣∣∣∣ q; q
)

(µ(x) := q−x + γδqx+1; k = 0, 1, . . . , N ; N ∈ N).

We prove the following.

Theorem 4.1. Big q-Jacobi polynomials (3.1) have the following representation in the gen-
eralized Bernstein polynomial basis:

(4.1) Pi(x; a, b, c|q) =

n∑
j=0

Rn−j
(
q−i + abqi+1; a, b, n|q

)
Bn
j (x; cq| q).

Proof. By inserting (2.15) into the expansion [7, § 3.5]

Pi(x; a, b, c|q) =

i∑
k=0

(q−i, abqi+1, x; q)k
(q, aq, cq; q)k

qk,

we obtain after some algebra

Pi(x; a, b, c|q) =
n∑
j=0

min(i,n−j)∑
k=0

(q−i, qj−n, ω, abqi+1; q)k
(q, aq, cq, q−n; q)k

qk

Bn
j (x;ω| q).

Hence

Pi(x; a, b, c|q) =
n∑
j=0

4φ3

(
q−i, qj−n, ω, abqi+1

q−n, aq, cq

∣∣∣∣ q; q
)
Bn
j (x;ω| q).
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Setting ω = cq in the above equation, we obtain

Pi(x; a, b, c|q) =

n∑
j=0

3φ2

(
q−i, qj−n, abqi+1

q−n, aq

∣∣∣∣ q; q
)
Bn
j (x; cq| q)

=
n∑
j=0

Rn−j
(
q−i + abqi+1; a, b, n|q

)
Bn
j (x; cq| q).

�

Corollary 4.2. Little q-Jacobi polynomials (3.6) and q-Bernstein polynomials (1.6) are con-
nected by the formula

pi
(
x; a, b

∣∣ q) =(−b)−iq−(i+1
2 ) (bq; q)i

(aq; q)i
(4.2)

×
n∑
j=0

Rn−j
(
q−i + abqi+1; b, a, n|q

)
bnj (bqx; q).

Remark that a formula equivalent to (4.2) has been recently obtained in [2].

Proof. The result follows by setting c = 0 in (4.1), using (3.8), replacing x by aqx, and
interchanging the roles of the parameters a and b. �

The dual Hahn polynomials are defined by [7, § 1.6]

Rk (λ(x); γ, δ,N) := 3F2

(
−k,−x, x+ γ + δ + 1

γ + 1,−N

∣∣∣∣ 1
)

(λ(x) := x(x+ γ + δ + 1); k = 0, 1, . . . , N ; N ∈ N).

Corollary 4.3. Jacobi polynomials (3.9) and Bernstein polynomials (1.4) are connected by
the formula

(4.3) P
(α,β)
i (2x− 1) =

(α+ 1)i
i!

n∑
j=0

Rn−j (i(i+ α+ β + 1);α, β, n) Bn
j (x).

Remark that a formula equivalent to (4.3) was obtained in [4] .

Proof. The argument is similar to the one used in the proof of Cor. 3.3. �

Corollary 4.4. The Hahn polynomials (3.10) have the following representation in the discrete
Bernstein polynomial basis (1.5):

(4.4) Qi (x;α, β,N) =
n∑
j=0

Rj (i(i+ α+ β + 1);α, β, n) bnj (N, x).

Note that Eq. (4.4) has been earlier obtained in [15].

Proof. The argument is similar to the one used in the proof of Cor. 3.4. �
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