GENERALIZED BERNSTEIN POLYNOMIALS*

STANISEAW LEWANOWICZ', PAWEEL WOZNY

ABSTRACT. We introduce polynomials By (z;w|q), depending on two parameters ¢ and w,
which generalize classical Bernstein polynomials, discrete Bernstein polynomials defined by
Sablonniere, as well as g-Bernstein polynomials introduced by Phillips. Basic properties of
the new polynomials are given. Also, formulas relating B} (z;w| q), big ¢—Jacobi and ¢—Hahn
(or dual ¢g-Hahn) polynomials are presented.
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1. INTRODUCTION.

We define generalized Bernstein polynomials of degree n (n € N) by

(1.1) Bl'(z;w|q) = # [n] 2 (wr™Y q)i (25 @)ns (1=0,1,...,n),
(Wi @n | q
where ¢ and w are real parameters such that ¢ # 1, and w # 1,¢7',...,¢"". Here we use
the g- Pochhammer symbol defined for any ¢ € C by
k—1
Gaoi=1,  (caow=][0-cd) (k=1),
§=0

and the g—binomial coefficient given by
[”] _ (@ On
il (@ Qilas Dn—i

For convenience we shall always assume that ¢ € (0, 1), unless it is otherwise stated.
Alternative forms of the formula (1.1) are:

1 n i—1 ' n—i—1 N

. B x:w e — T —w J —
(12) Pl <w;q>nLLg( o) 11 (-
(13 —) S [”] (1" q): (2 g
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Notice that the classical Bernstein polynomials (see, e.g., [3, p. 66])

(1.4 5o = (

the discrete Bernstein polynomials [14], [15]

?)xi(l —2)"" (0<i<n),

(1L5)  BP(N,z) = (_le)n <’Z> (—ah(z— Ny (0<i<n<N: NeN),

where the Pochhammer symbol (c)i is defined for any ¢ € C by
(@oi=1,  (r=clet)(cth-1) (k=1),
as well as the ¢-Bernstein polynomials
n

(16) (23 q) = Hx (55 s (0<i<n)

recently introduced by Phillips (see [10]-[12]), are limit or particular forms of the polynomials
B!'(z;wl| q). Namely, we have

r — W
1. lim B?(x; =B
(1.7) i (73wl q) z<1_w>7
(1.8) lim B g "¢V q) =bp_y(N,z),
q
(1.9) B} (x;0|q) = b} (z;q).

There are several possible applications of the polynomials B}'(x;w|q). First, we can approx-
imate given function f € CJ0, 1] by a two-parameter family of polynomials

[n]q

BoA(fim) =Y f ( [i]f)B?(u;wlq) (=w+ (1—wa 0< qw<1),
=0

where we use the notation (1.10). The linear operator mapping f to Bx(f;-) is monotone;
moreover, using an argument similar to the one used in [12], one can show that By (f;-)
converges uniformly to f on [0, 1], provided 0 < ¢, < 1 and lim, o0 g, = 1.

Second, one may define a parametric curve P! (generalized Bézier curve, say) by

n
Pea)y =S WiBMuiwla)  (u=w+ (1 -w)t 0<t< 1),
i=0
where W; € R¢ (d € {1,2,3}, i = 0,1,...,n) are given points; this representation, like its
previously defined particular forms — Bézier curve [5, Chaper 4] and ¢-Bézier curve [10], is
advantageous for practical computations, on account of its shape preserving property, and
the numerical stability of the associated de Casteljau algorithm for curve evaluation (see § 2).
Third, as pointed out in [15], it sometimes needed to represent a polynomial given as a
linear combination of orthogonal polynomials in the form of a combination of Bernstein poly-
nomials (discrete, in that case); as a result, a stable algorithm of the polynomial evaluation
was obtained. In this connection, we show that coefficients of certain basic hypergeometric
orthogonal polynomials, called big g-Jacobi polynomials, in the generalized Bernstein poly-
nomial basis are evaluations of another basic hypergeometric orthogonal polynomials, named
dual ¢g-Hahn polynomials. The inverse representation is also given; this time the so-called
g-Hahn polynomials are involved.
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In § 2, we give a list of basic properties of B?(z;w|q) such as recurrence and ¢~ !-derivative-
recurrence relations, partition of unity, Bézier form of a polynomial, degree elevation, de
Casteljau algorithm, and g-Pochhammer polynomial representation, which are analogues of
the well-known properties of the classical Bernstein polynomials (see, e.g., [5, Chapter 4]).
In § 3, we give an explicit formula relating generalized Bernstein, big ¢-Jacobi and ¢-Hahn
polynomials (see Thm 3.1), while in § 4, another formula is given, relating big g-Jacobi,
generalized Bernstein, and dual ¢-Hahn polynomials (see Thm 4.1). Also, we show that
earlier results on connections between classical Bernstein and Jacobi polynomials ([4], [13]),
or discrete Bernstein and Hahn polynomials ([15], [13]), or ¢-Bernstein and little g-Jacobi
polynomials [2] can be easily recovered, using these theorems.

We end this section with a list of notation and terminology used in the paper. For more
details the reader is referred to the monographs [1] by G. Andrews, R. Askey and R. Roy, or
[6] by G. Gasper and M. Rahman, or the report [7] by R. Koekoek and R. Swarttouw. In the
sequel we make use of the convention

k k
(617027"'7616)11 = H(CJ)TH (017627""016; Q)n = (C]7 Q)n
j=1 j=1
Also, for ¢ € C we define the g—number [c], by
¢ -1
(1.10) [clq = 1
The ¢- and g~ !-derivative operators D, and D, are given by
fgz) — f(2) fx/a) — f(z)
D =t D =t 0
qf(iﬁ) (q — 1)$ ) l/qf(aj) (1/(] — 1)]} 3 x 7& )

and D, f(0) := D,,f(0) := f'(0), provided f’(0) exists. Note that
lim D,/ () = Iim Dy (2) = ')

if f is differentiable. Also, we have

(1.11) D f(z) =q¥)D], f(dx)  (r=0,1,...).

The generalized hypergeometric series is defined by (see, e.g., [1, § 2.1])
ay a > (a ar)
F goeeyUp ~ — Tyevesy rkzk,
' S(bl,...,bs ) ;0(1,b1,...,bs)k
while the basic hypergeometric series is defined by (see, e.g., [1, § 10.9])

T(;SS ((ll,(lg,...,ar q;z) — Z ((al,...,ar; Q)kz ((_1)kq(§))l+sf1ﬂzk,

by, by, ... by = (g, b1, bss Ok

where r, s € Z, and ay,as,...,a., by, ba, ..., bs, z € C.
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2. PROPERTIES OF THE GENERALIZED BERNSTEIN POLYNOMIALS.

Lemma 2.1. For n € N and 0 < i < n the following holds true (in (iii)-(vi), we adopt the
convention that B]*(z;w|q) =0 fori <0 ori >n):

(i) the zeros of B (z;wl|q) are: w, wq,...,wg 1, 1,71, ... ¢t

(i4) B'(z;w|q) >0 for (a)0<¢<1,0<w<landw <z <1, o0r(b)qgw>1and
1<z <wy;

1—ggn—i-l Cr—wgl
(iii) Bl'(7v;w|q) = WBZL Yo wlg) + ¢ WB?—E(CB;&)IQ);

1—aqni-t z — w1

B}~ (w:wlq) +

n

() B (z;w|q) = ¢ BNz wlq);

1 —wgnt 1—wgnt

©) Bl = S g+ (1- Bl prsieena;

. n _ n—
D, B}(z;w|q) = Q‘Z[ l (qB?_f(ﬂf;qwlq)—Bi 1(x;qw\q)>,

(i) 1-w
n _
DBy (rilg) = a0 (g BT (grsqwla) - BY (qmsqwlo)):

(vii) B(cx;wlq) = ZBJ c;wlq) B (z;w/clq);

[n+m}

—m /L—l_‘] m . n m— 7,
P EP

Proof.

(i), (i), (viii) These properties follow immediately from the definition (1.1).
(1), (iv) It is easy to oberve that (cf. (1.1))

(viii) BP™ (w3 wlq) = ¢7C

T —wq'”

(2.1) [[;]ﬁBin(x;M q) = anl BNy wlq),
n—1 — pgn—iL
(2.2) [[n]q]qB{L(x;w! q) = 11_5(171_1 (50| q).

By combining these equations and using

MR R e B R

we obtain the stated equations. ‘
(v) Observe that 1 — [n —i —1],/[n]; = ¢ 1[i+1],/[n]y, so that (2.1) implies

n—t—1 o x—wq
(1—[ ] ]q>B§‘+1(w;w!q):q” Z 171—«)(1” T B (vl ).
q
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By adding the above equation to (2.2), and replacing n by n+ 1 in the resulting equation, we
obtain the result.

(vi) We prove the first formula; the second formula follows from the first one by (1.11) with
r = 1. Let us write (cf. (1.3)) B”(x w|q) = Cyi(w) f(z) g(z) with

(2) (—w)
q\? (—w) [”] -1, 1—i
Chiw) =—"—>1| .|, )= (W ‘r; q)i, )= \T; q)n—i
i(w) @ an i), flx) = (wq Vi, g(x) = (x; q)
By using general properties of the g~ !-derivative,
(2.3) Dy (ax; @) = —a[m]q (ax; q)m—1,
Dy y(f 9)(@) = D1y f (%) - g(x) + f(2/q)D1/g9(),
as well as equations
Coalw) _ [n]y w Cosw) _ [nly g
Ch—1,i—1(qw) [i]q 1 —w’ Ch-1i(qw) [n—iljl—w

we obtain

Dl/qun(x;W’ q) = _Cmi(w)([i]qwilq ( _lql Zxa Q)i—1 (25 @)n—i
+[n—ilg (w g s q)i (%5 QOn—i-1)

. [n B B
=q" [—]Zu (QB?,ll(:r;qw\q) - B! l(x;qw]q)>.

1
O
Lemma 2.2. For n € N, the following identities hold:
(2.4) ZBf(x;w\ q)=1 (partition of unity),
= [ilq r—w
2. B!(x; = .
(25) S (Bl = =

Proof. To prove (2.4), set a = x and b = w/z in the identity (see, e.g., [1, § 10, Exercise 9])
(abs @) = _ [ . ] a’ (b; )i (a; Q)n—i
i—o L¥1q
We prove (2.5) by induction on n. For n = 1, this equation is obviously true. Assume that it
holds for a certain n € N. By using (2.1) and (2.4), we obtain

Sl g s
n . — n .
ZWB ($7W|Q)—Zl_qu3i (z;w| q)
=0 =0
r — W w "

_ + — Z(l —q")B}(z;wq)

1—wqg® 1—wq

T —w 1—q q

= B”xw
1 — wg™ l—wq Z [9)
T—w 1—q" x—w_x—w

1 — wqg™ wl—wq” l—-w 1-w
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Hence, the identity holds true for n =1,2,.... ]

Lemma 2.3. Polynomials By (z;w|q), Bl (z;w|q),..., B} (x;w|q) form a basis in the space
II,, of polynomials of degree < n.

Proof. The lemma may be easily justified using Lemma 2.9. g

By the above lemma, any polynomial p € II,, can be written in the generalized Bézier form

(2.6) Z/BZ (z;w|q).

Lemma 2.4. For (a) 0<¢<1l,0<w<landw<zxz<1,0r(b)qgw>1andl <z <uw,
the graph of the polynomial (2.6) lies in the convexr hull of the points

I/I/i:<(1—w)[i]q+w,ﬁi> (i=0,1,...,n).

[n]q

Proof. By using Lemma 2.2 we obtain

(@ plo) = (w0 (1= 0T =2, p(0)

=<wZB?<x;qu>+<1—w> L Bl a) Z@wa\(n)
i=0 i=0 q i=0

=) Bi(zwlg) Wi
i=0

Hence, in view of part (i) of Lemma 2.1 and (2.4), the point (z, p(x)) is a convex linear
combination of the points Wy, W1, ..., W,,. ]

Lemma 2.5. Let p € I1,, be given in the generalized Bézier form (2.6). Then forr =0,1,..
we have

*)

H:(l)[”_j]q S T -
{/qP(@) = ](WT > (¢7'A) Bi- B (wiq"wl q),
(2.7) =0
HT ol _ _
D p(x) = ¢ — =1 Z “A) B B (¢ g wla),

)r =0

where A is the forward progression operator, AB; = Biv1 — Bi-

Proof. 1t suffices to prove the first formula; the second formula follows from the first one by
(1.11). For r = 0, the first equation (2.7) is trivial. Let us consider the case r = 1. By using
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part (vi) of Lemma 2.1, we obtain
n
Dyyyp(z) = BiD1/B (i w|q)

=0

n - —1 n— n—
- 1[—]2 > Bia " (a B (wiqwlq) — B (a3 qwl q))
=0

n—1
_ [n]q Z (q_iA) B; - Bl?”‘*l(x;qw| q).
=0

1-w“
Generalization to higher-order ¢~ !-derivatives is straightforward. O

Lemma 2.6. Letp € II,, be given in the form (2.6). The g-Pochhammer polynomial expansion
of p is given by

— [n (A B
2.8 T) = 1) (2; q);.
25) po =3 || o o
Proof. First observe that if ag, a1, ..., a, are coefficients in

n
px) = ai(x; q)i,
i=0
then we have

(2.9) (~1' (1120 [ilgai = (Dip) (1) (G=0,1,....m).

This can be proved by induction on ¢, using (2.3). Now, by using Lemma 2.5, and the part
(i) of Lemma 2.1, we obtain (cf. (2.7))

i Hé‘;lo[”—j]q imn A\ _
( 1/qp) (1):W(q A) Brn—i (1=0,1,...,n).
Comparing this formula with (2.9) gives
ai=|. | ()'—F"5— i=0,1,...,n).
[ZL( e )
O

Lemma 2.7 (Generalized de Casteljau algorithm). Given the polynomial (2.6), let the quan-
tities BZ-(k) (k=0,1,...,n;i=0,1,...,n— k) be defined in the following recursive way:

(2.10) B =5, (i=0,1,...,n);
n—k—i n—k—i
(k) _ 1—xq (k1) I —aq (k—1)
(211) B@ T 1 _qu—k ﬁl + <1 - 1— qu—k > Bi-‘rl

(k=1,2,...,n;i=0,1,...,n—k).
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Proof. By using part (4ii) of Lemma 2.1, we obtain

z@ (300 )
1—1

1 —zgv 1t T — wq
— 73”1 nliBnl
50&( o] (z;w|q) + gl ll(ﬂﬁwlq))

n—1
=" 8 B (a;wg),
=0

Bi(l) being defined according (2.11). Repeating the above process n times we arrive in

n—k
k) e
p(@“):ZBZ-()Bi Fla;w|q) (k=1,2,...,n).
1=0
The last form is p(z) = (()n). O

Lemma 2.8 (Degree elevation). The nth degree polynomial (2.6) can be represented in the
generalized Bernstein basis of degree n + 1,

n+1
(2.12) p(x) =Y B B (w;w]q),
i=0
where
. [n—i+1] ' 7[n—i+1]q 4
(213) B = [”"’”q it (1 [”"‘Hq )511

(i=0,1,...,n+1).

Proof. 1t suffice to use formula of part (v) of Lemma 2.1 in the expression (2.6) for the
polynomial p. O

The next two lemmas give a representation of the polynomials (1.1) in terms of the g-
Pochhammer polynomials (z; q)i, as well as the so-called inverse representation.

Lemma 2.9. Forn € N and 0 < i <n, the following relation holds:
N I 1) ‘T K (25 @)n—k
@10 Bl = (-0 [T ST ] caegl) EE D
1 q k’zo k q (w’ Q)n—k

Proof. First observe that for any n € N and ¢ = 0, it takes the form

Bl ) = (-0

which is in agreement with the definition (1.1). In the remaining part of the proof we use
induction on n. Write formula (2.14) in the form

Bl (z;w|q) = Zakank,
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where

ol = (—1)itkg(5)+(5)—in [nL [ i L(l

’ k], (Wi @)k

and assume that it holds for a certain n and for 0 < ¢ < n. By using (2.1), we obtain for
1=1,2,...,n+1

B?H(x; wl|q) =C (wqi*1 —x)B!' | (z;w|q)

i—1
=Cwi™ —2) Y ol (23 Quei
k=0
=03 (1 - 2¢"F) = (1= wg" Yl (25 @)

k=0

(A
=Cq™" qual@l,k{ (@3 Qny1-k — (1 —wg" ") (27 @)ni}
qu{o‘z k=4 M1 —wg™ kﬂ)%( 1k— (@5 g1k

_ zw” (@ Dbt
where C := [n+ 1],/ ([i]q(wg™ —1)). (We adopted the convention that 0‘1@1,2‘ = a,@L_l =
0.) 0

Lemma 2.10. The Pochhammer polynomials have the following representation in the gener-
alized Bernstein polynomial basis:

(15) D m 3 qﬂ'm[”;mLBm;wm) O<j<m neN.
m=0

Proof. First observe that for any n € N and j = n it reduces to

(5 @)n
(w; @)n

= By (z;wlq),

hence is obviously true. In the remaining part of the proof we use induction on n. Obviously,
(2.15) is true for n = 7 = 0. Assume that it holds for a certain n and 0 < j < n, then use
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Lemma 2.8 to obtain

(23 9); S
= Bjm Bm(w;wlq)
(w; q); mz::O 4
n+1—j
— ’ <[n+1_m]q6(n)
s [n +1 ]q jm
\ B+ (g
+< [n+1]q /Bj,m—l (T3] q)
n+1—j
= Y B Bt (aiwlg)  (0<j<n),
m=0
where
-1
(n) ._ jm n n—m
J1q i q
Thus, identity (2.15) holds for any n € N and 0 < j < n. 0

3. Bic Q*JACOBI POLYNOMIAL EXPANSION OF GENERALIZED BERNSTEIN POLYNOMIALS.

Recall that the big g-Jacobi polynomials are defined by (see, e.g., [6, (7.3.10)], or [7, §3.5])

—k k+1

7abq y L
ag, cq

(3.1) Py(x;a,b,clq) == 362 (q q;q) (k>0),

and the g-Hahn polynomials are given by (see, e.g., [6, Eq. (7.3.21)], or [7, §3.6])

—k k+1 —x

(3.2) Qr(a " 1a,b,N|q) := 3¢2 <q -N
aq

q;q) (k=0,1,...,N; N € N).

We will prove the following formulas relating the generalized Bernstein, big ¢-Jacobi and
g-Hahn polynomials.
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Theorem 3.1. Generalized Bernstein polynomials have the following representation in the
big q-Jacobi polynomial basis:

(33) B?(x;mq):<—1>iq<"?><—aq>"{n} <(ZZ zﬁn

y Z": Y < ”)J ((abq2, q)2; (aq,abq,q7"; q);

a abg; q)2; (q,bq, abq" 2 q);

) q—n—l q—n—
X Qn—j(qln;b, - n\q> (x a, b, q\q>;

(34)  BMzwlg) = (~1)iq" [”] %‘;L qq
X ; ‘3 f g (bqw; q)2; (cq,bw,q™™; q);
;oq < ) (bw; q>2]<,bw/c,bqu+l,q>
—1

X Qn—](ql TL’ b ) c 7n‘q> f’j(l’;q7b,c

)

Proof. By inserting (cf. [8])

k

(2 Q) = (aq,¢q; q kz [ ] (abg*; q)2; (abg; q); P;(z;a,b, clq)

) - 7 s Wy Uy
(abg®s O = (abg; q)2; (abg"*?; q);

into (2.14), we obtain
B (x| q) = (—1)f g3+ m S C;(w) Py(ra.b. clo)
q

where

() (abg®; q)s; (abg; q);
O (w) —(—11i o) (aba™s @)2; (abg; @),
i) =17 (abg; q)2;
min(i,n—j5)

CE L e

— w, abg®; q)n—k, (abg""*?; q);

Using properties of the g-Pochhammer symbol (see, e.g., [6], or [7, § 0.2]), we obtain

(o) — 0% D (g Dn () (aba®; @)2 (abg, "5 q);
)= e g wr e (abg; q)2; (q, abg™*?; q);
/)

y mm% Y@ g g T w T (ab); @) (bw qi>k_

(0,47 q " /a,q"/c; Q) c

Cc
k=0
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Hence, we have the formula

i () —in| T aqch> n abq q 2j (abq 4 n; Q)j
35)  BMaiw|q) =(—1)ig(2) [] ’
(3.5) (23] q) =(~1) (@ 0l Z (@b D)o, (0.0 ),

gL g T w, g T (ab) | wbgl
><4<b3< / /(ab) q;Tq Pj(z;a,b,c|q).

", q"/a,q"/c

By setting ¢ = w/q in the above formula, and applying the identity (cf. [1, Eq. (10.10.5)])

@ " g g " (ab) ;
3¢2< o / ;b

", q"/a

—n /p. j—n  _i—n _—n—j—1
_ (D)t (ab>n—j% oo @ g, g (ab) 'q.q
(aq]-f—l; Q)n—j q—n’ q—n/b

we obtain after some algebra

i —in | ] (0G5 @
Bl (x;w| q) = (—1)'gz"(+D m[ ] o
(wule)=(-1) 4 (abg®; q)n

n 2. —n.
X S i)+t +in(_ gyn=i (abg®; q)25 (ag, abg,q™"; q);

= (aba; q)2; (4,bq,abg™*?; q);
" " g (ab)
X 362 . ¢q) Pj(x;a,b,w/qlq)
qa",q"/b
_ (71)n—z’ %n(n—&-l)—l—%i(i—i—l)—inan |:n:| (bQ; Q)n
q 2.
g (abg®; @)n
" z": =30 (_ gy (abg?; q)25 (aq, qbq,q"; q);
= (abg; q)25 (q,bq, abg™?; q);

X Qu—j(q" "¢ " /b,q " Ja,n|q) Pj(z;a,b,w/qlq),

which completes the proof of (3.3).

Formula (3.4) follows in a similar way, by setting a = w/q in (3.5), and applying again [1,
Eq. (10.10.5)]. 0

Remember that little g-Jacobi polynomials are given by (see, e.g., [7, §3.12])

k+1
(3.6) pr(z;, Blg) == 2 (q - by

a; qx) (k>0).
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Corollary 3.2. g-Bernstein polynomials (1.6) have the following representation in the little
q-Jacobi polynomial basis:

B0 e = e ] Se
i ], (abg®; q)n

o zn: 4G+ (abg?; q)25 (abq,q™"; q);

= (abg; q)2; (g, abg™*?; q);

. 1 1 T
X Qn—j <qz n;lx]”“’aqm'l’n‘q) bj (aq;b’a‘q>'

Notice that equation (3.7) is equivalent to a formula obtained in [2].
Proof. By setting w = 0 in (3.3), using (1.8), and the relation [7, § 3.5]

b @i i@y (Eh
(ag; Q)j( Vs <afJ’b’ ‘q>

the result follows. OJ

(3.8) Pj(x;a,b,0]q) =

Recall that the Jacobi polynomials are defined by (see, e.g., [1, p. 99], or [7, §1.8])

(@B), . (a+ 1 —kk+a+pB+1]1-2 -
(3.9) P (@) = o . 5 (k> 0),

while the Hahn polynomials are given by [7, § 1.5]

—kk+a+B+1,—2

(310) Qk(.’lﬁ',&,ﬁ,N} = 3F2 ( o+ 17_N

Q (k=0,1,...,N; N € N).

Corollary 3.3. Bernstein polynomials (1.4) have the following representation in the Jacobi
polynomial basis (3.9):

3.11 B (x)=(—-1)""" —

By B = (1)

iy (atB+2)g(a+B+1,—n);
XE:(UQa+B+wa+La+6+n+mj

X Qn—jin—i;,—f—n—1,—a—n—1,n) Pj(a’ﬁ)(Qx —1).

Notice that equation (3.11) is equivalent to a formula obtained in [13].

Proof. The result follows by setting a = ¢, b = ¢ in (3.7), letting ¢ 1 1, using (1.7) and (cf.
[7, § 5.6])

3 j ']! (Oé,ﬁ)
3.12 limp;(z;¢°, ¢ q) = (—1) P; 2z — 1),
(3.12) qﬂp]( 7”,q%1q) = ( )(5+1)j Fa )
(3.13) lim Qn—; (qi*"; g P g q)

= Qn—jin—4;—f—n—-1,-a—n—1,n).



14 STANISEAW LEWANOWICZ!, PAWEL, WOZNY

Corollary 3.4. Discrete Bernstein polynomials (1.5) can be represented in the form

n)( (B+1Dn

(3.14) b (N, 1) =(—1)i(i (a+B+2),

n

X (1)

J=0

(a+B+2)(a+1,a+B+1,-n);
(a+pB+1)(1,8+1,a+F+n+2);

X Qn*](zv _B —n—- 1,—06 —n—- 1,n)Q3(t7a,B,N)
Note that a formula equivalent to (3.14) has been obtained in [13].

N

Proof. The result follows from (3.3) by setting a = ¢%, b = ¢, w = ¢V, x = ¢, letting

g 11, and using (1.8), (3.13) and (cf. [7, § 5.6])
(3.15) 1;%11%(q_t;qavqﬁ»q_]v_ll q) =lim Qj(q "% 4% ¢°, Nlq) = Q;(t;, B, N).
]

4. GENERALIZED BERNSTEIN POLYNOMIAL EXPANSION OF BIG q—JACOBI POLYNOMIALS.

Let us recall that the dual g-Hahn polynomials are defined by [7, §3.7]

a; Q>

(u(z) =g +~6¢""; k=0,1,...,N; N e N).

-k —x x+1
q q ", 70q
Rk; (/’L("E)v’ya 63N|Q) = 3¢2< _N

)

We prove the following.

Theorem 4.1. Big q-Jacobi polynomials (3.1) have the following representation in the gen-
eralized Bernstein polynomial basis:

(4.1) Pi(z;a,b,clq) = Z Ry (¢ + abg't;a, b, nlq) Bl (x;cql q).
=0

Proof. By inserting (2.15) into the expansion [7, § 3.5]

i —i it
q"',abq"", x5 q)k
Pwa,belg) = S04 kLY
= (¢0q,c4; Ok
we obtain after some algebra
no (min(in-j) ;. 1
(g% ¢ " w,abg"™; @k 4,
Py(x;a,b = B (z; .
i 0,5, cla) z_% kz_: (@agcq, ™ Ok jlawla)
Jj= =0
Hence
n S i+l
¢, ¢ ", w,abg
Pi(zia,belg) = Y ags| ;9| B} (z;w|q).
= q " aq, cq
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Setting w = cq in the above equation, we obtain

n —i 0 gt
q ,q ,abq
Pi(wia,bcg) = 3 3¢2<

J=0

—n

4 q) BY (x5 cqlq)
,aq

n
= > Ruj(q¢7" +abg" s a,b,nlq) BY(;cq|q).
=0
O

Corollary 4.2. Little g-Jacobi polynomials (3.6) and q-Bernstein polynomials (1.6) are con-
nected by the formula

(wab| g) =(—byig (1) (e )i
(4.2) pi (z5a,bq) =(=b)""q (g 0);

XY Rnj (¢ + abg" ;b a,nlq) b} (bga; q).
=0

Remark that a formula equivalent to (4.2) has been recently obtained in [2].

Proof. The result follows by setting ¢ = 0 in (4.1), using (3.8), replacing = by agz, and
interchanging the roles of the parameters a and b. O

The dual Hahn polynomials are defined by [7, § 1.6]

—k,—z,x+y+5+1
Ry (M(x);7,0,N) := 3F> ( ‘ 1)

vy+1,-N
Mz) =z(z+~v+d+1); k=0,1,...,N; N eN).

Corollary 4.3. Jacobi polynomials (3.9) and Bernstein polynomials (1.4) are connected by
the formula

(a+1);

(4.3) PP (22 —1) = il

Ry (i(i + o+ B +1);a, 8,n) Bj(x).
j=0

Remark that a formula equivalent to (4.3) was obtained in [4] .

Proof. The argument is similar to the one used in the proof of Cor. 3.3. U

Corollary 4.4. The Hahn polynomials (3.10) have the following representation in the discrete
Bernstein polynomial basis (1.5):

(4.4) Qi (w50, 8,N) = > R;(i(i+ o+ B+1);,B8,n) b} (N, ).
j=0

Note that Eq. (4.4) has been earlier obtained in [15].

Proof. The argument is similar to the one used in the proof of Cor. 3.4. (I
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