Curry-Howard Correspondence beyond Minimal Logic

Lecture Interactive Proof Tools Summer Term 2003

Hans de Nivelle, Patrick Maier

Contents

• Minimal logic with conjunction and disjunction.

Minimal Logic + Conjunction/Disjunction

Additional natural deduction rules:

• Wedge introduction

Δ ⊢ φ_1 Δ ⊢ φ_2 Δ ⊢ φ_1 ∧ φ_2

• Wedge eliminations

Δ ⊢ φ_1 ∧ φ_2 Δ ⊢ φ_1

Δ ⊢ φ_1 ∧ φ_2 Δ ⊢ φ_2

• Vee introductions

Δ ⊢ φ_1 Δ ⊢ φ_1 ∨ φ_2

Δ ⊢ φ_2 Δ ⊢ φ_1 ∨ φ_2

• Vee elimination

Δ ⊢ φ_1 ∨ φ_2 Δ, φ_1 ⊢ ψ Δ, φ_2 ⊢ ψ Δ ⊢ ψ

Simply Typed λ-calculus + Pairs/Sums – Syntax

• Types Π: Formulas of minimal logic + conjunction/disjunction • Contexts C: sets of variable/type assignments as before • Pseudo-Terms Λ_Π: Defined by the grammar (φ_1, φ_2 ∈ Π) Λ_Π = V | (λV :Π.Λ_Π) | (Λ_Π Λ_Π) | ⟨Λ_Π, Λ_Π⟩ | π_1(Λ_Π) | π_2(Λ_Π) | in^{φ1∨φ2}

1 (Λ_Π) | in^{φ1∨φ2}_2 (Λ_Π) | case(Λ_Π, V.Λ_Π, V.Λ_Π) Pseudo-Terms are defined modulo ≡_α. Note that the rules for ≡_α must be extended to take care of the bound variables in case-terms.

Simply Typed λ-calculus + Pairs/Sums – Typing

Additional rules for the typability relation: Γ ⊢ M : τ_1 Γ ⊢ N : τ_2 Γ ⊢ ⟨M, N⟩ : τ_1 ∧ τ_2

Γ ⊢ M : τ_1 ∧ τ_2 Γ ⊢ π_1(M) : τ_1

Γ ⊢ M : τ_1 ∧ τ_2 Γ ⊢ π_2(M) : τ_2

Γ ⊢ M : τ_1 Γ ⊢ in^{τ1∨τ2}_1 (M) : τ_1 ∨ τ_2

Γ ⊢ M : τ_2 Γ ⊢ in^{τ1∨τ2}_2 (M) : τ_1 ∨ τ_2

Γ ⊢ M : τ_1 ∨ τ_2 Γ, x : τ_1 ⊢ K : σ Γ, y : τ_2 ⊢ L : σ Γ ⊢ case(M, x.K, y.L) : σ

Simply Typed λ-calculus + Pairs/Sums – Reduction

Extend β-reduction by the following contractions:

• π_1(⟨M, N ⟩) →_β M • π_2(⟨M, N ⟩) →_β N • case(in^{φ1∨φ2}_1 (M), x.K, y.L) →_β K[x := M] • case(in^{φ1∨φ2}_2 (M), x.K, y.L) →_β L[y := M] Note:

• The reduction properties (subject reduction, Church-Rosser, strong normalization) of →_β are preserved.

• The Curry-Howard correspondence continues to hold as for minimal logic (with conjunctions = pairs, disjunctions = sums).