
Introduction to Flight Simulation (List 2)

Deadline: 26.10.2016

1. Consider the following Butcher tableau:
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(It is just an example. It is not supposed to give a good order.)

(a) Write out the corresponding RK-method as a function with signature

vector rk( std::function< vector( vector ) > f,

vector v, double h );

(b) On the slides, I assumed that function F is autonomous. The stan-
dard, non-autonomous definition can be obtained by putting F =
λx : R y : Rn (1, G(x, y) ). Using this fact, give the standard, non-
autonomous definition of the RK method, defined by the tableau
above. It has signature

vector rk( std::function< vector( double, vector ) > f,

double x, vector v, double h );

(c) Do the same with the standard Runge Kutta method RK41. The
result is the standard Runge-Kutta method that you usually find in
text books.

2. Consider the differential equation

a =
x

‖x‖
F (‖x‖). (1)

It models the trajectory of a point mass, on which works a force that
always points towards or away from the origin. The strength of the force
depends only on the distance ‖x‖ from the center. Note that the result of
F (‖x‖) is a real number.

(a) Write Equation 1 as a real valued, first-order system of equations.
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(b) Prove that x × v is an invariant of Equation 1. You can do this by
writing out the definition of x × v. If you are brave, you can do it
directly in vector calculus. This is the law of preservation of angular

momentum.

(c) Let E(x) be a function for which E′(x) = F (x). One may assume that
E(x) is potential energy. Show that 1

2
‖v‖2 − E(‖x‖) is an invariant

of Equation 1.

You now have shown preservation of energy for general force distri-
bution.

3. We now take F (x) = −
1

‖x‖2
. Now F (‖x‖ behaves like gravity. Prove that

the vector v × (x× v)− x

‖x‖ , which can be written in the form
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is now an invariant of Equation 1. It is called the ‘Laplace-Runge-Lenz
vector’.

This is not part of the exercise: Since the LRL-vector is an invariant of
Equation 1, (if we assume that F is defined as in Task 3), it always points in
the same direction and always has the same length. Let us call the length of
the LRL-vector R. At a given point in time, let ϕ be the angle between the
LRL-vector and the position x.

We calculate the dot product of x and the LRL-vector. It is equal to
X.R. cosϕ, where X is the length of the position vector, and ϕ is the angle
between x and the LRL-vector.

Using the definition of LRL, we have:

X.R. cosϕ = x.( v × (x× v)−
x

‖x‖
) = x.(v × (x× v))−

x.x

‖x‖
.

We know that x× v is an invariant of the system. (You proved this in task 2b.)
Let’s define α = x×v (for angular momentum). We have x.(v×α) = (x×v).α =
α.α = ‖α‖2. Since we also have x.x

‖x‖ = ‖x‖ = X, the right hand side can be

simplified to ‖α‖2 −X, so that we obtain: X.R. cosϕ = ‖α‖2 −X. If we isolate
x, we see that

X =
‖α‖2

1 +R. cosϕ
.

Dependent on the value of R, this either characterizes an ellipse (|R| < 1 ),
a parabole ( |R| = 1 ), or a hyperbole ( |R| > 1 ).

The fact that the planets move around in ellipses was empirically observed
for Mars by Johannes Kepler in 1605 (and postulated for the other planets),
and proven from first principles by Isaac Newton in 1684.
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