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Abstract

We design a 95 approximation algorithm for the Max-Bisection problem restricted to regular graphs. In the case of three
regular graphs our results imply an approximation ratio.88@.0 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction A graph G is said to beregular if all its vertices
have equal degree. In the following work we analyze
Let G = (V, E) be an undirected graph. The Max- the ratio between the Maximum Bisection of any given

imum Cut of G is a partition of the vertex sét into regular graphG, and its Maximum Cut. For general
two arbitrarily sized set§X, Y) such that the number ~ graphs it is not hard to see that this ratio can be
of edges with one end point i and the other ir¥ arbitrarily close to 12. For regular graphs we show
is maximal. The Maximum Bisection af = (V, E) that this ratio is at least approximatel027, and that

is a partition ofV into two equally sized set&X, Y) there are infinitely many regular graphs which obtain
(i.e., abisectionof V) that maximizes the number of  a ratio arbitrarily close to ©027. We then use this
edges betweelX and Y (here we assume thav | property to present a. P95 approximation algorithm
is even). Given a graply, we say that an algorithm  for the Max-Bisection problem restricted to regular
A approximates the Max-Cut (Max-Bisection) 6f graphs. In the case of three regular graphs our results
within an approximation ratio of, if by runningA on imply an approximation ratio of.834.

the graphG we obtain a partition (bisection)X, Y) The best known approximation ratio for Max-Cut
such that the number of edges betweérandY is on regular graphs is.87856, presented in the work of

at leastr times the number of edges between the two Goemans and Williamson [5]. Extending their work,
sides of an optimal partition (bisection). Note that Frieze and Jerrum [3] obtain adb11 approximation
r<1. algorithm for the general Max-Bisection problem.
A further line of extensions by Ye [9] and Halperin
—~ _ and Zwick [7] improve this ratio to.§01. Observe that
Corresponding author. . . .
E-mail addressmikel@wisdom.weizmann.ac.il 0.87856 0.9027~ 0.793, and our apprOXImatlon ratio
(M. Langberg). for Max-Bisection on regular graphs slightly improves
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over this. On the negative side, it has been shown their in-degree from one side of the partition to the
by Hastad [6] that approximating the Max-Cut and other. Note that the new partition is of value greater
Max-Bisection problems on general graphs beyond than or equal to the original partition. We keep our
the ratio of%—;5 is NP-hard. Furthermore, Berman and original notation and denote this improved partition

Karpinski [1] show that approximating Max-Cut on

as (X,Y). Let cn be the size ofX wherec > 1/2,

3-regular graphs beyond some explicit constant factor and x|E| be the value of the partitioX, Y), i.e.,

r strictly less than one is also NP-hard.

The structure of our paper is as follows. In Sec-
tion 2 we analyze the ratio between the Maximum Bi-
section of any given regular graph, and its Max-
imum Cut. In Section 3 we present and analyze a
0.795 approximation algorithm for the Max-Bisection
problem restricted to regular graphs. Finally, in Sec-
tion 4 we show that the ratio obtained in Section 2 is
tight.

2. Max-Cut versus M ax-Bisection

Let G = (V, E) be aA regular graph, wher& =
{vi,...,v,} andn is even. For everyX C V and
Y =V \ X, let w(X) be the number of edges cut
by the partition(X, Y). We call w(X) the value of
the partition(X, Y). Let Cut(G) be the value of the
Max-Cut of G, andBis(G) be the value of the Max-
Bisection of G. Given a partition(X, Y), the out-
degreeof anyv € V is the number of neighbors that
v has on the opposite side of the partition, andithe
degreds the number of neighbors thatas on its own
side of the partition. We say that a partitiok, Y) is
locally optimalif there is no vertex with out-degree
smaller than in-degree. Clearly(X, Y) is not locally
optimal one may obtain a partition of value strictly
greater thanw (X) by moving a vertex with out-degree
smaller thanits in-degree from one side of the partition
to the other.

Theorem 2.1. Given a regular graphG and any
partition (X,Y) of G with value w(X), one can
efficiently find a bisectiofX, ¥) of G of valuedw(X),
wheref >~ 0.9027. Specifically we have that Bi5) >
OCut(G).

Proof. Let G = (V, E) be a A regular graph and
(X, Y) be any cut inG of valuew(X). As a prelim-
inary step we would like to turn the partitioiX, Y)
into a locally optimal one. This is done by iteratively
moving vertices with out-degree strictly smaller than

w(X) =x|E|.

From the definition of, we conclude thatn A /2 <
w(X) < A(1— ¢)n as there are onlyl — ¢)n vertices
in Y, and the partitioriX, Y) is locally optimal. Hence
c<x<2—2c (andc < 2/3). We would now like
to move vertices fromX to Y in order to obtain a
bisection ofG, i.e., a partition X, Y) for which | X| =
Y| =n/2.

Let X be a random subset of of size n/2,
andY be V \ X. Denote the value of the bisection
(X,Y) by w(X). In the following we compute the
expected value ofv(X). Afterwards, using a greedy
derandomization scheme, we show that a bisection of
G with this expected value can be efficiently obtained
from (X, Y).

Define the functiorf(x) to be the expected ratio
between the valuew(i) and w(X) given w(X) =
x| E|, and® to be a lower bound of this ratio.

Lemma2.2. LetX and X be as abovéin pa@cular
w(X) = x|E|). The expected ratio betwean(X) and
w(X) is at least
1—x n 1
2—x)x (2—1x)2

O0(x)= > 0.9027

Proof. Letp = 2_1¢ Recall thatX is a random subset of
X of size exactly: /2. The expected number of edges
thatAwgre cut by the partitionX, Y) that are still cut
in(X,Y)is

cn—1

w(X><n/2‘_ 1)/(;/”2)=w<X>p=xp|E|.

As each vertex inG is of degreeA, we have that
the number of edges in the subgraph inducedxby
is(Acn—x|E|)/2= (2c —x)|E|/2. We conclude that
the expected number of these edges cut by the partition
(X,Y)is

cn—2 cn

o (523 /()

= (2c —x)|E|p(1— p).
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Thus, given any part|t|0|(1X Y) of valuew(X) we
may obtain a partltlomX Y) such that

E[w(X)} > xplE| 4+ (2c — x)|E|p(1—p)
w(X)

x|E|
X+ Q2—x)1-%)
- 2cx
20-1 1
T 2ex | 4c?

The expression above, as a functiorra$ decreasing,
and is thus minimal wher = 2 — 2¢. Replacinge in
the above expression with-1x /2 we conclude that

183

In the following we prove that the greedy process
which at each step removes the vertex Xnwith
lowest out-degree until the séf is of size exactly
n/2, will obtain a bisection of value at leaB{w (X;)]
for eachi € [0, | X| — n/2]. As X is set to bex; for
i =|X| —n/2, this completes our proof.

Let (A;, B;) be the partition obtained by the above
greedy process at stépand letw(A;) be the value of
the partition(A;, B;). Clearly w(Ag) = E[w(Xo)] =
w(X). Furthermore, using the fact that for eadhere
is a vertex inA; with out-degree at most(A;)/|A;|
we have that

- 2
— A; > w(A; A.

E w(X) > 1—x 1 . w(Ai+1) 2 w( z)( |Ai|> +

w(X) 2-x)x (2-x)? o L

i . ) . We now conclude our proof using induction an
Using basic computations that are presented in Appen-
dix A _|t can be seen that the above expression obtalnsw(AiH) > w(A,~)< > LA
a minimal value ofg >~ 0.9027 whenx* ~ 0.7932 |A;]
(c*=1—x*/2~0.6034< x*). O 2

> E[w(X,-)]<1— >+A

It is left to show that gjvgn a partitionX, Y) of |1 Xil

value w(X) a bisection(X, Y) with value at least = E[w(Xi+1)]. 0

the expected can be obtained efficiently. Consider the

random process analyzed above, that fixes a bisection In Section 4 we show that our result is tight, namely:

by settingf(\ to be a random subset &f of sizen/2.
Note that choosing a random subsetc X of size
n/2 is equivalent to removing a random subset of size
|X| — n/2 from X and settingX to be the remaining
vertices of X. Furthermore, the latter is equivalent
to the random process which iteratively removes one
vertex in X at a time, uniformly at random, untit
is of sizen/2. Fori € [0, |X| — n/2] let (X;, Y;) be
the partition obtained by this last random process at
stepi (the size ofX; is |X| — i), and set(X,Y) to
be the bisectionX|x|—n/2, ¥|x|-ns2). Let E[w(X;)]
be the expected value of the partitiok;, Y;). Given
the valuew(X;), the value of E[w(X;1+1)] can be
explicitly computed. A random vertex irX; has
expected out-degree df= w(X;)/|X;| and expected
in-degreeA — d thus

2

)+a
1

| X |

E[w(Xiy1) |w(Xi)] = w(Xi)<
We conclude that

E[w(Xi11)] = E[E[w(Xiy1) | w(X)]]

2
E[w(Xi)](l— |X,-|> a.

Proposition 2.3. There are infinitely many regular
graphs G for which the ratio between Bi§) and
Cut(G) is arbitrarily close to6 ~ 0.9027.

3. Approximating M ax-Bisection on regular
graphs

In a recent breakthrough, Goemans and Williamson
[5] present a B7856 approximation algorithm based
on semidefinite programming for the general Max-Cut
problem. Their work is extended in [3,9,7] to obtain a
0.701 approximation algorithm for the general Max-
Bisection problem. On the negative side, it has been
shown by Hastad [6] that approximating the Max-
Cut and Max-Bisection problems on general graphs
beyond the ratio of}S is NP-hard. Furthermore,
Berman and Karpinski [1] show that approximating
Max-Cut on 3-regular graphs beyond some explicit
constant factor strictly less than one is also NP-hard.

In the following we extend the result of [1] to the
Max-Bisection problem restricted to regular graphs,
and use the work of Goemans and Williamson [5]



184

with the results of the previous section to achieve
an approximation ratio of @95 on this restriction of
Max-Bisection.

Proposition 3.1. There exists some explicit constant
r < 1 for which it isNP-hard to approximate the Max-
Bisection of3-regular graphs.

Proof. Let G = (V, E) be a 3-regular graph on
vertices. Consider the grapﬁ consisting of two
disjoint copies ofG. Clearly Z2ut(G) = Bis(G). Thus
approximating the Max-Bisection o6 within an
approximation ratio of- yields an approximation of
the Max-Cut of G within the same ratio. Combining
this with the result of [1] stated above, our proof is
complete. O

Theorem 3.2. The Max-Bisection problem on regular
graphs can be approximated within a ratio@f795.

Proof. Consider the well known Max-Cut algorithm
based on semidefinite programming presented in [5].
In this algorithm, given a grapts = (V, E), a semi-
definite relaxation of the Max-Cut problem dah is
solved yielding an embedding @ on then-dimen-
sional unit sphere. This embedding is then rounded us-
ing the random hyperplane rounding technique, into a
partition of G. In general, it is shown in [5] that the
expected value of this partition is at least 0.87856
times the value of the optimal cut @.

Given a A regular graphG = (V, E), using the
algorithm of [5] one may obtain a partitiaiX, Y) of
G of valuew(X) > «Cut(G). Applying Theorem 2.1
on this partition naively, a bisectiaiX, ¥) of value at
least

Ow(X) > afCUl(G) > abBis(G) ~ 0.793Bis(G)

may be obtained. We conclude that 9B approxi-
mation algorithm for Max-Bisection on regular graphs
is achieved by combining the algorithm of [5] and
Theorem 2.1. A slight improvement in this ratio may
be achieved by noticing that tlveorst casevalue ofo

is obtained whem (X) is of valuex*|E| = 0.7932E|,
while theworst caseapproximation ratiax of the [5]
algorithm is obtained whem (X) is of value 0742/ E|.
Details follow.
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Denote the value of the semidefinite relaxatiorGof
asd|E|. It is shown in [5] that the valua)(X) of the
partition (X, Y) is at leastc(§)| E| where

M § > 0.8445
x(8) = T
5 -0.87856 § < 0.8445

Assume thatv(X) is exactly of valuec (8)| E|. Recall,
using Lemma 2.2, that we may obtain a bisection
(X,Y) of value at leasf (x (8))w(X) where

1—x(8) 1
2—x@Nx©)  (2-x(8)?
We conclg\dg\that in such a case, the value of the
bisection(X, Y) is at least

x(8)0(x(8))
8

9(x (8)) =

x(8)0(x(8))|E| > Bis(G).

Using basic calculations which are described in Ap-
pendix A it can be seen that the above is minimal
wheng >~ 0.8748, yielding an approximation ratio of
0.7953.

It is left to show that if the partition(X,Y) is
of value greater than that promised by the analysis
of [5], we obtain a strictly higher approximation ratio.
Assume thatv(X) is of valuey| E| for somey greater
thanx(8). In such a case we may obtain a bisection of
G of value 22 Bis(G). We conclude that in order to
prove our claim it is enough to show that the function
x6(x) is increasing. Using basic calculations, which
are described in Appendix A, it can be seen that this is
true. O

Two remarks regarding the result and proof of The-
orem 3.2 are in place. The result above holds for reg-
ular graphs of arbitrary degree. Using the work of
Feige et al. [4], further improved approximation ra-
tios for the Max-Bisection problem can be achieved
when we assume the degree is constant. For instance,
Feige et al. [4] show that the Max-Cut problem on
3-regular graphs can be approximated within an ap-
proximation ratio of 0924. Thus, combining this re-
sult with the result of Theorem 2.1, we conclude a
0.834 approximation ratio on the Max-Bisection prob-
lem restricted to 3-regular graphs.

Regarding the proof of Theorem 3.2, we use the re-
sults of [5] which are based on a semidefinite relax-
ation for the Max-Cut problem. As we are interested in
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approximating the maximum bisection, one may add Proof. Part (a) of Lemma 4.1 is proven in [2] where it
additional constraints to this semidefinite relaxation as is shown that with some constant probability (depend-

is done in [3]. It would be interesting to see if such an
addition can improve our results.

4. Upper bound
Proposition 2.3. There are infinitely many regular

graphs G for which the ratio between Bi§) and
Cut(G) is arbitrarily close to6 ~ 0.9027.

Proof. We construct a constant degree regular graph

G=(V,E)=(X,Y; E) whereX andY are a parti-
tion of V, X is of sizecn, and the ratio betweeBis(G)
andCut(G) is arbitrarily close t@ ~ 0.9027. In gen-
eral, our construction is random. We start by construct-
ing arandom regular graph, on the vertex seX, and
arandom regular bipartite gragh,, on the vertex sets
X andY. Afterwards we show that for their unial
the ratio betweerBis(H) and Cut(H) is close tod.
Using the notation of Theorem 2.1 let~ 0.7932 and
c=1—x/2.

In the following we randomly construct ai;
regular multi-graphH, on the vertices oK. Consider
the graphH, consisting of|X| = cn disjoint sets
{S1...8x)} of Ay vertices each, i.e., a set af;
vertices corresponding to each vertex@f. Define
the edge set Ofl, to be a random perfect matching on
its vertices. Note thafl, has exactlyA;]X|/2 edges.
Define H, to be the multi-graph obtained Isyarinking
each setS; of vertices in ﬁx into a single vertex
of H,. That is H, is the graph with a single vertex
i corresponding to each sét in which each edge
connectingS; andS; in H, is expressed as an edge
(i, j) in H,. Following we analyze some properties
of H,.

Lemma 4.1. For every constant > O there exists a
constantA; such that with constant probability the
following holds.
(a) H, will not include self loops or multiple edges,
and
(b) the number of edges in every partitioA, X \ A)
of H, is at most

A1|Al(en — |A])
cn

+eAjcn.

ing on A1) H, will not include self loops or multiple
edges. For part (b), let be some subset &f of size at
most| X |/2 and defineB to be X \ A. The probability
that the cut(A, X \ A) has valug& is exactly

A1]Al

Pr(w(A) =k) = k!< ! ><A1k|B|>

 M(A1|A] = k)M (A1 B| — k)
M(A1]XT)

where
1.

M@i)=————

=Gz
is the number of perfect matchings in a graph with
vertices. Using basic calculations which are described
in Appendix A it can be seen that@r(A) = k) is at
mosts41°” for some constant < 1 (dependent on)
for any
A1|Al(en — |A])

cn

AA 2k > + eAqcn.

As there are at most2 subsetsA of X and the range
of k is polynomial inn, we conclude by choosing
A1 large enough that with overwhelming probability
(1 — 8" ) part (b) of our lemma holds. Hence both
properties (a) and (b) hold for the random grafgh
with some constant probability.0

We now construct the multi-grapH.,,, a bipartite
graph on the vertex setX and Y in which the
degree of each vertex ilii is A and the degree of
each vertex inX is A(1/c¢ — 1). The construction is
similar to the construction o, presented above.
Considerthe grapﬁ?xy consisting of X | = c¢n disjoint
sets{S1, ..., Sjx|} each ofA(1/c — 1) vertices, and
|Y| = (1 — c)n disjoint sets{Ry, ..., Ry|} each ofA
vertices. Define the edge set Efxy to be a random
bipartite perfect matching between the vertice§Sn
..., Six)} and {Ry, ..., Ry}. Define H,, to be the
multi-graph obtained by shrinking each vertex Sgt
into a single vertex € X and each vertex s&; into a
single vertex € Y.

Lemma 4.2. For every constant > 0 there exists
a constantA such that with constant probability the
following holds.
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(a) Hyy will not include multiple edges, and
(b) the number of edges i#,, between every two
subsetsA € X and B C Y is at most

AlA||B|
cn

+eA(l—c)n.

Proof. As in Lemma 4.1, part (a) of the lemma is
stated in [2] (with constant probability). For part (b),
letN =(1—c)An= A|Y|.LetA be some subset of
andB be some subset of. Let A(1/c — 1)|A| =aN,
andA|B| = BN. The probability that there akeedges
betweenA andB in H,, is exactly

Pr(w(A. B) =k) = <°‘,ﬁv> <ﬁ}£\’>k'(%’]\7fi>

(BN —k)!(N — BN)!
' N!

Similarly to Lemma 4.1, basic calculations which are

described in Appendix A yield that Bv(A, B) = k)

is at mosts”¥ for some constant < 1 (dependent on
g)foranyk > A|A||B|/cn+eA(1—c)n. As there are
at most 2" subsetsA,B of X,Y respectively and the
range ofk is polynomial inn, we conclude that part (b)
of our lemma holds with overwhelming probability.

Hence both properties (a) and (b) hold for the random

graphH,, with constant probability. O

Set A1 to be (2 —1/c)A and defineH to be the
union of the two graph#/, andH,,. Assume thafi,

U. Feige et al. / Information Processing Letters 79 (2001) 181-188

Which is maximal whery = 1/2. Thus we conclude
using the fact that = 1 — x /2 that

Bis(H) - (1— (2c — 1)/202) g

Cut(H) x
t-x 1 > +8
fr— 8
2—x)x (2—x)?
~ 0 + 8e. ]
Appendix A
Recall that
M § > 0.8445
x() = T
5-0.87856 § < 0.8445
1—x 1

00 = oo Teoor

Bounding 6(x) (Lemma 2.2).
-2 +6x—4
x2(x — 2)3

o' (x)=—

Using computer assisted analysis, it can be seen

that #’(x) is zero only whenx* ~ 0.7932, yielding

a lower bound of approximately.@027. Note that
0(x) is decreasing whem < 0.7932 and increasing
otherwise.

andH,, have the properties stated in Lemmas 4.1 and Monotonicity of x6(x) (Theorem 3.2).

4.2 (this happens with constant probability). It is not

hard to verify thatH is a A regular graph, and that
the value of the partitiontX, Y) in H is A(1 — ¢)n.
Thus Cut(H) is at least this value. Following, we
show that the maximum bisection @f is at most
(6 + 8¢)Cut(H), thus completing our proof.

Let (U, V) be some bisection off, whereU =
X1UY1, V = X2UYo, the setsX; are some partition of
X, and the set¥; are some partition of . Denote the
size of the seX1 asyn, the size ofX, as(c — y)n,
the size ofY; as (1/2 — y)n, and the size of» as
(1/2—c+ y)n fory €[c/2,1/2]. Let p, be A(2 —
1/c)/cn and p,, be A /cn. We have that the value of
the bisectionU, V) is at most

C - Dxy

nz()/(c—y)(px —2pxy) + >+38nA.

=

(2—x)%

It can be easily seen thatd(x))’ is positive for every
x € [0.5, 1] (the range of our interest).

(x0(x)) =

Bounding x(8)0(x(8))/8 (Theorem 3.2). We con-
sider three cases, the first in whiéke [0.5, 0.8445,
the second in which is in the rang¢0.8445 0.8981],
and the last in whicld € [0.8981, 1]. In the first case
we have thatc(8)0(x(8))/5 is equal to B7856- 6 -
(6 -0.87856. As § - 0.87856¢ [0.4392 0.7419, and
6(x) is monotone decreasing whan< 0.7932, we
conclude thatx(8)6(x(8))/8 is decreasing in this
range and

5)0(x (s
w > 0.87856 6(0.7419 > 0.7983
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0.7985

0.798

0.7975

0.797 -

0.7965

0.796 -

0.7955

0.795

1 1 L L L
0.85 0.86 0.87 0.88 0.89 0.9

Fig. A.1. The functionx(8)6(x(3))/3 in the ranges € [0.8445
0.8981.

In the third case, in whicld € [0.8981, 1], we have
that x(8) € [0.7932 1]. Using the fact thak’(§) > 0
we have

@\ _ (2o
8 ~ \1-cognx(8))

2(1— coqrx(8)) — wx(8)sin(mx(8))) ,
x'(8)
(1— cog(mx(8)))?

> 0.

As 0 (x) is monotone increasing whean> 0.7932, we
conclude thak (§)0(x(8))/$ is increasing in the range
[0.8981 1] and is of a minimal value of.@972 when
5§ =0.8981.

The final case in whichs € [0.84450.898]] is
proven using computer assisted analysis. A plot of
x(8)0(x(8))/8 in the above range is displayed in
Fig. A.1. It can be seen that the function obtains a min-
imal value of approximately.@953 whens ~ 0.8748.
We thus conclude that(8)6(x(8))/§ is bounded by
0.7953 in the rangé € [0.5, 1].

Lemma4.1l. Recall that X| is of sizecn,

S, A1|Al(en —|AD

ACX, k>

cn

+eAjqcn,
and
A1]A|

Pr(w(A) =k) = k!( . )(Alk'B')

M (A1|A| = k)M (A1|B| — k)
M(A1]X]) ’
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where M (i) = W Let N = Aien, A1]A| =
aN andk = BN. The condition above ok implies
that 8 > (1 — @) + ¢. Ignoring factors which are
polynomial inn we conclude usintirling’s formula
that

Pr(w(A) = k)
N a1 — a)(l_“) N
T\ BB —B)ePB2(1 —q — g)A-a=p/2 ] -
The above formula is decreasing ph (as long as
B > a(a — 1)). Furthermore, using computer assisted
analysis, it can be seen that by setthtp bea (1 — «)

+ ¢ the resulting formula is increasing én(as long as
a < 1/2). We conclude that

1 ite/q 16\ -N
Priw(A) =k) < <2<Z+e> (Z—e> >

—4c2N
<e™

where the second inequality is provenin [8].

Lemma 4.2. Recall thatX is of sizecn, Y is of size

1-o)n,

ACX, BCY,
AlA||B]

and

k=

+eA(d—c)n.

Let N =(1—c¢)An, A(l/c — 1)|A| = aN, A|B| =
BN, andk = y N. The condition above ok implies
thaty > aB + ¢. Ignoring factors which are polyno-
mial in n we conclude usintirling’s formulathat

Pr(w(A, B) = k)
wpPA— TP A -
TV @ N E - F DA —a— p )
Using computer assisted analysis it can be seen that
the above formula is maximal when= g = 1/2 and
y =af + €. In such a case we obtain

Pr(w(A, B) =k)
1 1
3te 78\ —2N
<2<1' + 8> (} — 8) > < e—8£2N.
4 4
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