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Abstract

We present a fast algorithm for computing large Fibonacci numbers. It is known that the product of Lucas numbers algorithm
uses the fewest bit operations to compute the Fibonacci numpekVe show that the number of bit operations in the
conventional product of Lucas numbers algorithm can be reduced by replacing multiplication with the square ope2866n.
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1. Introduction 1.1. Fibonacci and Lucas numbers

. . . . We define the Fibonacci numbers as
Many algorithms for computing Fibonacci numbers

have been well studied [11,12,5,8,4,3,7,9,2]. It is
known that the product of Lucas numbers algorithm
uses the fewest bit operations to compggtg2]. Fato = Fup1+ Fo, 120 1)

In this paper, we present a fast algorithm for com-
puting large Fibonacci numbers. This algorithm is
based on the product of Lucas numbers algorithm [9,
2]. The conventional product of Lucas numbers algo-
rithm uses multiplication and square operation. In gen- Lyt2=Lpt1+ Ly, n=0. (2)
eral, it is known that the number of bit operations used
to square an-bit number is less than that used to mul-

Fo=0, =1,

The Lucas numbers are defined as

Lo=2  Li=1,

We also have the formulas

tiply two n-bit numbers. Thus, the number of bit op- a — Bt
erations in the conventional product of Lucas numbers “# ~— ~, _ g’ )
algorithm can be reduced by replacing multiplication Lp=a" + 8" ()

with the square operation.
wherea = (14 +/5)/2 andg = (1 — +/5)/2.
We will useyn to represent the number of bits i)
wherey = log, @ ~ 0.69424 since, is asymptotic to
E-mail addressdaisuke@ics.saitama-u.ac.jp (D. Takahashi). a"/5[2].
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1.2. Multiplication and square operations fib (n)
f<1
It is known that multiplication ofi-bit numbers can <3
be performed in ©:logn loglogn) bit operations by for i=2to logyn—1

using the Schonhage—Strassen algorithm [10] which fefxl

is based on the fast Fourier transform (FFT) [1]. In f i_?l:ll -2
multiplication of many thousand bits or more, FFT- return £

based multiplication is the fastest.
In this paper, we use FFT-based multiplication for  Fig. 1. Conventional product of Lucas numbers algorithm [2].
computing large Fibonacci numbers. We denote the

number of bit operations used to multiply two Loy =a? 4 g%
bit numbers asV (n), and the number of bit opera- = (o +ﬂk)2 _ z(aﬂ)k
tions used to square antbit number asS(n). Also, 2 x
we assumeM (n) = O(nlognloglogn) and S(n) = =Li—-2- (=D~ (6)
O(nlognloglogn). In general, we hav8(n) < M (n). We can computd, [2] by
From
i—1
L lat b)2 — (a — b)? Fy = ]_[ Ly )
4 Jj=0
we haveM (n) < 2S(n). The conventional product of Lucas numbers algo-
Then, we have rithm to computeF, (n =2/, i > 2) is shown in
1 Fig. 1. One multiplication and one square operation
M) < S(n) < M(n). are needed in the conventional product of Lucas num-

bers algorithm in each iteration.
The number of bit operations used by the conven-
tional product of Lucas numbers algorithm is as fol-

In FFT-based multiplication and square operations,
computation of FFTs consumes the most computa-
tion time. Although three FFTs are needed to multi-

ply two n-bit numbers, only two FFTs are needed to OWs:
square am-bit number. Therefore we assurié) ~ logyn—1 ' _
%M(n) in FFT-based multiplication and square opera- T (n) = Z (M(y 27N 4 Sy ~2’*1))
tions. i=2
Since the number of bit operations used to add/sub- +M(y -nj2) < %M(yn). (8)

tract twon-bit numbers is @) and the number of bit
operations used to multiply/divide anbit number by
an Q(1)-bit number is also Or), no consideration of 3. Presented product of Lucas numbers algorithm
these is made in this paper.
In this section, we show that the number of bit op-
erations in the conventional product of Lucas numbers

2. Conventional product of Lucas numbers algorithm can be reduced by replacing multiplication
algorithm with the square operation.
The identities
Cull and Holloway [2] presented the product of 1
Lucas numbers algorithm. Futm = 3(FuLm + FnLn), (©)
The identity Lyim = 3(LyLy +5F, Fy) (10)
For = Fy Ly (5) follow from (3) and (4).

_ Then, the identities
follows directly from (3) and (4).

From (4), Fir1=3(Fc + L), (11)
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fib (n)

f<1

[ <3

for i=2to logon —1
temp<« fx f
f—(f+D/2
f<2x(f*f)—3xtemp—2
| < 5xtemp+ 2

fefl

return  f

Fig. 2. Presented product of Lucas numbers algorithm.

Liy1=3(5F + Ly)
= Fiy1+ 2F

follow from (9) and (10).
From (3) and (4),

(12)

L = (" + pH?
k gk 2

5(“ ﬁ) + 4By
a—p

=5FZ +4- (k.

(13)
Then, the identity

For = Fi Ly
P+ L* = (F2+ LD
N 2
_ (Fi+Ly)? — (FZ+5FF+4-(=1)h
N 2
=2F?, —3F¢—2-(-1F
follows from (5), (11) and (13).
Furthermore, the identity

(14)

Loy =5F¢ +2- (-DF

follows from (6) and (13).

Since sz is a number that should be computed
in (14) and (15), the multiplication dfy;, = Fy Ly will
be substantially obtained from the calculatiorﬂﬁl.

That s, we can compuu‘-EkZ+l instead ofFy Ly.

The presented product of Lucas numbers algorithm
to computeF, (n =2/, i > 2) is shown in Fig. 2.
In the algorithm shown in Fig. 2, although a pair of
Fibonacci and Lucas numbers is calculated inftre
loop, we need only, after thefor loop. Therefore

we use (5) instead of (14) after ther loop.

(15)
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Table 1
Comparison between operation counts in each iteration of the
product of Lucas number algorithms

Conventional Presented
Multiplication 1 0
Square 1 2

The number of bit operations used by the presented
product of Lucas numbers algorithm is as follows:

log, n—1
Tmy= Y 254/ -27YH+M(y-n/2)
i=2

< EM(yn). (16)

Table 1 compares the number of operations in each
iteration of the product of Lucas numbers algorithms.
We note that the presented algorithm requires only two
square operations in each iteration.

We conclude that our algorithm is better than the
conventional product of Lucas numbers algorithm if
S(n) < M(n).

To computeF,, for arbitrary n, we can use the
binary method for exponentiation [6]. We need four
numbers: Fy41, Lig+1, For, and Ly, wherek > 0.
These numbers can be obtained from (11), (12), (14),
and (15).

As with the algorithm in Fig. 2, although a pair
of Fibonacci and Lucas numbers is calculated in the
for loop, we need onlyF, finally. If n is even, we
can use (5) to computéy;, wherek = n/2. On the
other hand, ifz is odd, we need a number @by 1
where k = [n/2|. We have derived a formula for
computing Fo,41 in terms of Fi1 and Ly with one
multiplication:

Foiy1=3(Fx + L)
=3(FLe+LE -2 (-1

= Fr1Li — (DX (17)

The product of Lucas numbers algorithm to com-
pute F, for arbitraryn is presented in Fig. 3. Some
additions, subtractions, multiplications by 2 and divi-
sions by 2 are added to this algorithm compared with
the presented algorithm shown in Fig. 2.
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fib

()

if n=0return O
else ifn=1return 1
else ifn=2return 1
else

f<1
[ <1
sign« —1
mask< 21l0gn]-1
for i=1to [logon|—1
temp<« fx f
f<(f+D/2
f<2x(f*f)—3xtemp— 2xsign
[ < 5xtemp+ 2= sign
sigh<«1
if (n&mask #0
temp< f
f<(+D/2
[« f+2xtemp
sign« —1
mask<«— mask /2
if m&mask=0

f< f=l
else
f<(+D/2
f < f*Il—sign
return  f

Fig. 3. Presented product of Lucas numbers algorithm to compute

F,, for arbitraryn.
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