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k-MEDIAN

Think of libraries, schools, or warehouses. o

minimize total connection cost

> c¢i s of all clients to their closest open facility
jEC

Alternative application: cluster objects into k groups
o then F = C = X o o
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Is there a natural generalization of both models
k-MEDIAN and k-CENTER?

Are there “intermediate” models between these two extremes?

Are there common algorithmic approaches?

Stefan Nickel
Justo Puerto

Location
Theory

A Unified Approach

Since the 1990s there is a large body of
literature in the operations research and
discrete optimization communities on the
ORDERED k-MEDIAN problem.
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¢ (S) — sorted connection costs

h.
w — non-increasing weights vector
The goal: find a k-subset S C F w

n
minimizing ¢ (S) - wT = > wjc;’
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Fully flexible penalization of high connection costs
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k-CENTDIAN objective

minimize ¢ - (1, ..., )7

o = (1—a)max;cjs +a Zj ¢j,8
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k-MEDIAN and k-CENTER are NP-hard.
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e polynomial-time in the input size

e non-optimal but close to optimal solution

cost(ALG) < « - cost(OPT)

«a is called an approximation ratio/factor
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Problem Factor Technique Authors Year
k-MEDIAN 6% LP rounding Charikar et al. 1999
k-MEDIAN 6 primal dual Jain, Vazirani 1999
k-MEDIAN 4 primal dual  Jain et al. 2002
k-MEDIAN 3 +¢€ local search  Arya et al. 2001
k-MEDIAN  2.732 primal dual  Li, Svensson 2013
k-MEDIAN  2.675 primal dual ~ Byrka et. al. 2015
k-CENTER 2 (tight) greedy Hochbaum, Shmoys 1985
OkM O(logn) local search  Aouad, Segev 2017

Difficulties of OkM: non-linear, ranking-based objective function
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Problem Factor Technique Authors Year
k-MEDIAN 6% LP rounding Charikar et al. 1999
k-MEDIAN 6 primal dual Jain, Vazirani 1999
k-MEDIAN 4 primal dual  Jain et al. 2002
k-MEDIAN 3 +¢€ local search  Arya et al. 2001
k-MEDIAN  2.732 primal dual  Li, Svensson 2013
k-MEDIAN  2.675 primal dual ~ Byrka et. al. 2015
k-CENTER 2 (tight) greedy Hochbaum, Shmoys 1985
OkM O(logn) local search  Aouad, Segev 2017

Constant-factor approximation for ORDERED k-MEDIAN?

An open question even for the special case of
k-FaciLity p-CENTRUM problem, w = (1,1,...,1,0,...,0)
(Tamir'01, Alamdari, Shmoys'17, Aouad, Segev'17)
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Main Result

Theorem
There is a constant-factor approximation algorithm for
ORDERED k-MEDIAN that runs in poly-time.
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LP-based Approximation Algorithms
1. Define problem as an integer program.

2. Define proper linear program.

3. Define a rounding procedure.

4. Prove best possible approximation ratio.

cost(ALG) < « - cost(OPT)
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non-metric cost ¢”
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A — *
™ (5%) exponentially decreasing
buckets in ¢ (S5*)
L,
A w .
guess average weight
Wavg for these buckets

krzysztof.sornat@cs.uni.wroc.pl 52 /104



&\ Uniwersytet
%@l@ Wroctawski

(Non-Metric) Reduced Cost-Space

Ca
¢
A —
Wavg

>

krzysztof.sornat@cs.uni.wroc.pl 53 /104



%él@ Uniwersytet

4/ Wroctawski

(Non-Metric) Reduced Cost-Space

r
ca A
c c
L S apply average weight vector
av; .
& to metric space

»
>

krzysztof.sornat@cs.uni.wroc.pl 54 /104



Uniwersytet
Wroctawski

Main Result

Theorem
There is a constant-factor approximation algorithm for
ORDERED k-MEDIAN that runs in poly-time.

transform metric cost ¢ into
non-metric cost ¢”

krzysztof.sornat@cs.uni.wroc.pl 55 /104



Uniwersytet
g Wroctawski

Main Result

Theorem
There is a constant-factor approximation algorithm for
ORDERED k-MEDIAN that runs in poly-time.

transform metric cost ¢ into solve k-MEDIAN LP relaxation
non-metric cost ¢” over new non-metric cost ¢”

krzysztof.sornat@cs.uni.wroc.pl 56 /104



&\ Uniwersytet
5@1@ Wroctawski

Relaxation over Distorted Cost-Space

minE Z-]-, s.t.

jecieF
i€l
J]‘Ugy, VieF,jeC

doui<k

i€EF

krzysztof.sornat@cs.uni.wroc.pl 57 /104



Uniwersytet
g Wroctawski

Main Result

Theorem
There is a constant-factor approximation algorithm for
ORDERED k-MEDIAN that runs in poly-time.

transform metric cost ¢ into solve k-MEDIAN LP relaxation
non-metric cost ¢” over new non-metric cost ¢”

krzysztof.sornat@cs.uni.wroc.pl 58 /104



Uniwersytet
g Wroctawski

Main Result

Theorem
There is a constant-factor approximation algorithm for
ORDERED k-MEDIAN that runs in poly-time.

transform metric cost ¢ into . solve k-MEDIAN LP relaxation

non-metric cost ¢” over new non-metric cost ¢”

unbounded integrality gap

krzysztof.sornat@cs.uni.wroc.pl 59 /104



Uniwersytet
g Wroctawski

Main Result

Theorem
There is a constant-factor approximation algorithm for
ORDERED k-MEDIAN that runs in poly-time.

transform metric cost ¢ into . solve k-MEDIAN LP relaxation

non-metric cost ¢” over new non-metric cost ¢”

unbounded integrality gap l

round in original metric space
via Charikar-Li rounding for
classic k-MEDIAN
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Relaxation over Distorted Cost-Space
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cav(j) = ZiEF CijTij
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Charikar and Li [ICALP 2012]
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Analysis of Charikar and Li

original analysis of
Charikar and Li [ICALP 2012]

random connection cost C; of
any client 7 fulfill

E[C)] = O(cav(5))

E[c(A)] =

Zc

= ZE[Cj]
= (Z cav(y) ) O(OPT)
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ldea of Analysis k-FACILITY p-CENTRUM

difficulty for

k-FAaciLiTY p-CENTRUM:
non-linearity of objective

even for p = 1, we could have
E[max; €] > max; E[C}]
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ordered connection costs in OPT
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ldea of Analysis k-FACILITY p-CENTRUM

OPT >p-T
r T Cij if Cij ZT,
Cij == Cij - .
0 otherwise,
c" A
C

krzysztof.sornat@cs.uni.wroc.pl 72 /104



&\ Uniwersytet
%@l@ Wroctawski

ldea of Analysis k-FACILITY p-CENTRUM

OPT>p-T

o= =)o e =T

R 0 otherwise,
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A S R if ey >T,
R 0 otherwise,
'

® Cij < Cit+cyj

° c;f';- < c;f';+c;7pj—|—2T

T c
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A

OPT

Y

krzysztof.sornat@cs.uni.wroc.pl 76 /104



&\ Uniwersytet
5@1@ Wroctawski

ldea of Analysis k-FACILITY p-CENTRUM

A

krzysztof.sornat@cs.uni.wroc.pl 77 /104



&\ Uniwersytet
%@l@ Wroctawski

ldea of Analysis k-FACILITY p-CENTRUM
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and random budget X;

p
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determistic budget D, et S—
and random budget X; EICs] < Dy + B[]
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A . .
split C; into C <D
j i+ X
determistic budget D; J =" J
ElC.1 < D; + E[X.
and random budget X; [Cj] < D; + E[X}]

E[ALG] < D; - p+ 3¢ E[X)]

b
T

D;
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determistic budget D; J =" J
EIC. 1< D. +EIX.
and random budget X; [Cj] < D; + E[X}]
E[ALGI < Dj -p+ 2 jec EIX;]
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General case of ORDERED k-MEDIAN

Dedicated algorithm for k-FACILITY p-CENTRUM
E[ALG] < Dj -p+ 3~ cc E[X]
<5T-p+ 3 c010-ci(j) <15-OPT

Oblivious algorithm for k-FACILITY p-CENTRUM

E[cost,(ALG)] < 19T - p+ 193, ¢k (4)
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Approximation Algorithms for OkM

Problem Factor Technique Authors Year
k-MEDIAN 6% LP rounding  Charikar et al. 1999
k-MEDIAN 6 primal dual Jain, Vazirani 1999
k-MEDIAN 4 primal dual Jain et al. 2002
k-MEDIAN 3+e€ local search  Arya et al. 2001
k-MEDIAN 2.732 primal dual Li, Svensson 2013
k-MEDIAN 2.675 primal dual  Byrka et. al. 2015
k-CENTER 2 (tight) greedy Hochbaum, Shmoys 1985
OkM O(logn) local search  Aouad, Segev 2017

Constant-factor approximation for ORDERED k-MEDIAN?

An open question even for the special case of
k-FaciLity p-CENTRUM problem, w = (1,1,...,1,0,...,0)
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p-CENTRUM 15 LP rounding  our result STOC'18
OkM 38+¢ LP rounding  our result STOC'18
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Approximation Algorithms for OkM

Problem Factor Technique Authors Year

p-CENTRUM 15 LP rounding  our result STOC'18
OkM 38+ ¢ LP rounding our result STOC'18
OkM 18+ ¢ primal-dual Chakrabarty et al.  ICALP'18
OkM 5+¢ primal-dual Chakrabarty et al.  STOC'19

Open questions:
e better approximation for ORDERED k-MEDIAN
e better approximation for k-FACILITY p-CENTRUM
e better lower bounds
(current: 3 — € hard to approx. unless P=NP)
e consider weighted case (a; copies of client )
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Main Contributions

@ The first polynomial time constant-factor approximation algorithm for the
ORDERED k-MEDIAN problem.
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Main Contributions

@ The first polynomial time constant-factor approximation algorithm for the
ORDERED k-MEDIAN problem.

@ The first polynomial time constant-factor approximation algorithm for the
k-FAcILITY p-CENTRUM problem.

@ The first polynomial time constant-factor approximation algorithm for the
HARMONIC k-MEDIAN problem in general spaces (not only metric).

@ The first PTAS (polynomial time approximation scheme) for the MINIMAX
APPROVAL VOTING problem.

@ A parameterized approximation scheme for MINIMAX APPROVAL VOTING
parameterized by the value d of an optimal solution. The running time is
upperbounded by (3/5)2d(nm)o<1). This is essentially optimal assuming the
Exponential Time Hypothesis.
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Research Papers Being a Base of the Thesis

@ Jarostaw Byrka, Krzysztof Sornat and Joachim Spoerhase.
Constant-Factor Approximation for Ordered k-Median.
STOC 2018

@ Jarostaw Byrka, Piotr Skowron, Krzysztof Sornat.
Proportional Approval Voting, Harmonic k-Median, and Negative Association.
ICALP 2018

@ Jarostaw Byrka, Krzysztof Sornat.
PTAS for Minimax Approval Voting.
WINE 2014

@ Marek Cygan, Lukasz Kowalik, Arkadiusz Socata and Krzysztof Sornat.
Approximation and Parameterized Complexity of Minimax Approval Voting.
AAAI 2017 (preliminary version)

Journal of Artificial Intelligence Research 63, 2018 (full version)
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Thank you!
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