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ABSTRACT. Systems of equations with sets of integers as unknowns are considered. It is
shown that the class of sets representable by unique solutions of equations using the oper-
ations of union and addition S+ 7T = {m+n|m € S, n € T} and with ultimately periodic
constants is exactly the class of hyper-arithmetical sets. Equations using addition only can
represent every hyper-arithmetical set under a simple encoding. All hyper-arithmetical sets
can also be represented by equations over sets of natural numbers equipped with union,
addition and subtraction S — T = {m—n|m € S, n € T, m > n}. Testing whether a given
system has a solution is 3i-complete for each model. These results, in particular, settle
the expressive power of the most general types of language equations, as well as equations
over subsets of free groups.

1. Introduction

Language equations are equations with formal languages as unknowns. The simplest
such equations are the context-free grammars [4], as well as their generalization, the con-
junctive grammars [I5]. Many other types of language equations have been studied in the
recent years, see a survey by Kunc [IT]. One of the research directions explores connection
between language equations and computability. In particular, for equations with concate-
nation and Boolean operations it was shown by Okhotin [I9] [I7] that the class of languages
representable by their unique (least, greatest) solutions is exactly the class of recursive (r.e.,
co-r.e.) sets. A computationally universal equation of the simplest form was constructed
by Kunc [I0], who proved that the greatest solution of the equation XL = LX, where
L C {a,b}* is a finite constant language, may be co-r.e.-complete.

A seemingly trivial case of language equations over a unary alphabet ¥ = {a} has
recently been studied. Strings over such an alphabet may be regarded as natural numbers,
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2 A. JEZ AND A. OKHOTIN

and languages accordingly become sets of numbers. As established by the authors [§], these
equations are as powerful as language equations over a general alphabet: a set of natural
numbers is representable by a unique solution of a system with union and elementwise
addition iff it is recursive. Furthermore, even without the union operation these equations
remain almost as powerful [9]: for every recursive set S C N, its encoding o(S) C N
satisfying S = {n | 16n + 13 € o(S)} can be represented by a unique solution of a system
using addition only, as well as ultimately periodic constants. At the same time, as shown by
Lehtinen and Okhotin [I2], some recursive sets are not representable without an encoding.

Equations over sets of numbers are, on one hand, interesting on their own as a basic
mathematical object. On the other hand, these equations form a very special case of lan-
guage equations with concatenation and Boolean operations, which turned out to be as hard
as the general case, and this is essential for understanding language equations. However, it
must be noted that these cases do not exhaust all possible language equations. The recursive
upper bound on unique solutions is applicable only to equations with continuous operations
on languages, and using the simplest non-continuous operations, such as homomorphisms
or quotient [I§], leads out of the class of recursive languages. In particular, quotient with
regular constants allows representing all sets in the arithmetical hierarchy [I§].

The task is to find a natural limit of the expressive power of language equations, which
would not assume continuity of operations. As long as operations on languages are express-
ible in first-order arithmetic (which is true for every common operation), it is not hard to
see that unique solutions of equations with these operations always belong to the family of
hyper-arithmetical sets [14), 20, 2I]. This paper shows that this obvious upper bound is in
fact reached already in the case of a unary alphabet.

To demonstrate this, two abstract models dealing with sets of numbers shall be in-
troduced. The first model are equations over sets of natural numbers with addition
S+T={m+n|meS, neT} and subtraction S~T ={m—n|meS, neT, m=>n}
(which corresponds to quotient of unary languages), as well as set-theoretic union. The
other model has sets of integers, including negative numbers, as unknowns, and the allowed
operations are addition and union. The main result of this paper is that unique solutions
of systems of either kind can represent every hyper-arithmetical set of numbers.

The base of the construction is the authors’ earlier result [8] on representing every
recursive set by equations over sets of natural numbers with union and addition. In Sec-
tion [, this result is adapted to the new models introduced in this paper. The next task
is representing every set in the arithmetical hierarchy, which is achieved in Section Bl by
simulating existential and universal quantifiers over a recursive set. These arithmetical
sets are then used in Section [ as constants for the constuction of equations representing
hyper-arithmetical sets. Finally, equations over sets of integers with addition only, using
ultimately periodic constant sets.

This result brings to mind a study by Robinson [20], who considered equations, in
which the constants and the unknowns are functions from N to N, and the only operation is
superposition, and proved that a function is representable by a unique solution of such an
equation iff it is hyper-arithmetical. Though these equations deal with objects different from
sets of numbers, there is one essential thing in common: in both results, unique solutions
of equations over second-order arithmetical objects represent hyper-arithmetical sets.

Some more related work can be mentioned. Halpern [5] studied the decision problem of
whether a formula of Presburger arithmetic with set variables is true for all values of these
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set variables, and showed that it is ITI{-complete. The equations studied in this paper can
be regarded as a small fragment of Presburger arithmetic with set variables.

Another relevant model are languages over free groups, which have been investigated,
in particular, by Anisimov [3] and by d’Alessandro and Sakarovitch [2]. Equations over sets
of integers are essentially equations for languages over a monogenic free group.

An important special case of equations over sets of numbers are expressions and circuits
over sets of numbers, which are equations without iterated dependencies. Expressions and
circuits over sets of natural numbers were studied by McKenzie and Wagner [13], and a
variant of these models defined over sets of integers was investigated by Travers [22].

2. Equations and their basic expressive power

The subject of this paper are systems of equations of the form
SOI(X].J"'7X’H) - T/Jl(Xl’---,Xn)

SDm(Xh e ,Xn) = ’(/Jm(Xl, e ,Xn)

where X; C 7Z are unknown sets of integers, and the expressions ; and 1; use such oper-
ations as union, intersection, complementation, as well as the main arithmetical operation
of elementwise addition of sets, defined as S+ T = {m +n|m € S, n € T'}. Subtraction
S—T = {m—n|m € S, n € T} shall be occasionally used. The constant sets contained in a
system sometimes will be singletons only, sometimes any ultimately periodic constants will
be allowed (a set of integers S C Z is ultimately periodic if there exist numbers d > 0 and
p =1, such that n € S iff n+p € S for all n with |n| > d), and in some cases the constants
will be drawn from wider classes of sets, such as all recursive sets. Systems over sets of natu-
ral numbers shall have subsets of N both as unknowns and as constant languages; whenever
subtraction is used in such equations, it will be used in the form S ~7 = (S —T)NN.

Consider systems with a unique solution. Every such system can be regarded as a
specification of a set, and for every type of systems there is a natural question of what kind
of sets can be represented by unique solutions of these systems. For equations over sets of
natural numbers, these are the recursive sets:

Proposition 1 (Jez, Okhotin [8, THM. 4]). The family of sets of natural numbers rep-
resentable by unique solutions of systems of equations of the form p;(Xq,...,X,) =
Vi (X1, ..., Xy) with union and addition, is exactly the family of recursive sets.

Turning to the more general cases of equations over sets of integers and of equations
over sets of natural numbers with subtraction, an upper bound on their expressive power
can be obtained by reformulating a given system in the notation of first-order arithmetic.

Proposition 2. For every system of equations in variables X1,... X, using operations
expressible in first-order arithmetic there exists an arithmetical formula Eq(Xy,...,X,),
where X1,..., X, are free second-order variables, such that Eq(Si,...,Sy) is true iff X; =
S; is a solution of the the system.

Constructing this formula is only a matter of reformulation. As an example, an equation
X; = Xj+ X}, is represented by (Vn)[n € X; < (In')(In")n =n'+n" An’ € X; An" € X;].



4 A. JEZ AND A. OKHOTIN

Now consider the following formulae of second-order arithmetic:
e(r) =3X1)... 3Xn)Eq(Xy,..., Xp) ANz e Xy
O(x)=(VXy)...(VXp)Eq(Xy,..., Xp) Nz € X

The formula ¢(x) represents the membership of = in any solution of the system, while
¢ (x) states that every solution of the system contains x. Since, by assumption, the system
has a unique solution, these two formulae are equivalent and each of them specifies the
first component of this solution. Furthermore, ¢ and ¢’ belong to the classes ¥1 and I1},
respectively, and accordingly the solution belongs to the class Al = 31 NII3, known as the
class of hyper-arithmetical sets [14], 21].

Proposition 3. For every system of equations in wvariables X1,... X, using operations
expressible in first-order arithmetic that has a unique solution X; = S;, the sets S; are
hyper-arithmetical.

Though this looks like a very rough upper bound, this paper actually establishes the
converse, that is, that every hyper-arithmetical set is representable by a unique solution of
such equations. The result shall apply to equations of two kinds: over sets of integers with
union and addition, and over sets of natural numbers with union, addition and subtraction.
In order to establish the properties of both families of equations within a single construction,
the next lemma introduces a general form of systems that can be converted to either of the
target types of systems:

Lemma 1. Consider any system of equations p(X1, ..., X)) = ¥(Xy, ..., X;n) and inequal-
ities p(X1,..., Xm) CU(X1,...,Xm) over sets of natural numbers that uses the following
operations: union; addition of a recursive constant; subtraction of a recursive constant; in-
tersection with a recursive constant. Assume that the system has a unique solution X; = S;.
Then there exist:

(1) a system of equations over sets of wnatural numbers in  wvariables

X, 0, X, Y1, ..., Y using the operations of addition, subtraction and union
and singleton constants which has a unique solution with X; = S;;
(2) a system of equations over sets of integers in variables X1, ..., Xm, Y1, ..., Yy using

the operations of addition and union, singleton constants and the constants N and
—N, which has a unique solution with X; = S;.

Inequalities ¢ C 1) can be simulated by equations ¢ U = 9. For equations over sets
of natural numbers, each recursive constant is represented according to Proposition [I and
this is enough to implement each addition or subtraction of a recursive constant by a large
subsystem using only singleton constants. In order to obtain a system over sets of integers,
a straightforward adaptation of Proposition [ is needed:

Lemma 1.1. For every recursive set S C N there exists a system of equations over sets of
integers in variables X1, ..., X, using union, addition, singleton constants and constant N,
such that the system has a unique solution with X1 = S.

This is essentially the system given by Proposition [l with additional equations X; C N.

Now a difference X — R for a regular constant R C N shall be represented as (X +
(=R)) NN, where the set —R is represented by taking a system for R and applying the
following transformation



ON EQUATIONS OVER SETS OF INTEGERS 5

Lemma 1.2 (Representing sets of opposite numbers). Consider a system of equations over
sets of integers, in variables X1,...,X,, using the operations of union and addition, and
any constant sets, which has a unique solution X; = S;. Then the same system, with
each constant C C 7Z replaced by the set of opposite numbers —C, has the unique solution
X, =-5;.

The last step in the proof of Lemma [ is eliminating intersection with recursive con-
stants. This is done as follows:

Lemma 1.3 (Intersection with constants). Let R C N be a recursive set. Then there exists
a system of equations over sets of natural numbers using union, addition and singleton
constants, which has variables X,Y,Y', Zy,..., Zy,, such that the set of solutions of this
system 1is

{(XzS, Y=SNR, Y =SNR, Zizsi)‘SgN},

where S1,...,Sy, are some fired sets.

In plain words, the constructed system works as if an equation Y = X N R (and also
as another equation Y’ = X N R, which may be ignored).

This completes the transformations needed for Lemma, [Tl

The next lemma shows that a set of integers (both positive and negative) can be rep-
resented by first representing its positive and negative subsets individually.

Lemma 2 (Assembling positive and negative subsets). If sets S NN and (—=5) NN are
representable by unique solutions of equations over sets of integers using union, addition,
and ultimately periodic constants. Then S is representable by equations over integers using
only union, addition and ultimately periodic constants.

3. Representing the arithmetical hierarchy

Each arithmetical set can be represented by a recursive relation with a quantifier prefix,
and arithmetical sets form the arithmetical hierarchy based on the number of quantifier
alternations in such a formula. The bottom of the hierarchy are the recursive sets, and
every next level is comprised of two classes, 22 or H%, which correspond to the cases of the
first quantifier’s being existential or universal. For every k& > 1, a set is in 22 if it can be
represented as

{w |3z 1Vas ... Qrry R(w,x1,...,2k)}
for some recursive relation R, where @, = V if k is even and @ = 3 if k is odd. A set is
in H% if it admits a similar representation with the quantifier prefix Vx13zs ... Qrrg. It is
easy to see that IIY = {L | L € X0}. The sets ¢ and IIJ are the recursively enumerable
sets and their complements, respectively. The arithmetical hierarchy is known to be strict:
Zg C 22 41 and Hg C Hg 41 for every k > 0. Furthermore, for every k > 1 the inclusion
Zg U Hg - Egﬂ N Hgﬂ is proper, i.e., there is a gap between the k-th and (k 4 1)-th level.

For this paper, the definition of arithmetical sets shall be arithmetized in base-7 nota-
tionEl as follows: a set S C N is in Eg if it is representable as

S ={(w)y | Iz, € {3,6}"Vag € {3,6}" ... Qrri € {3,6} " (1z11y11... xplyrlw); € R},

1Base 7 is just the smallest base, for which the technical details of the below constructions could be
conveniently implemented.
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for some recursive set R C N, where (w)7 for w € {0,1,...,6}* denotes the natural number
with base-7 notation w. The strings x; € {3, 6} represent binary notation of some numbers,
where 3 stands for zero and 6 stands for one. The notation (z)2 for x € {3,6}* shall be
used to denote the number represented by this encoding. The digits 1 act as separators.
Throughout this paper, the set of base-7 digits {0,1,...,6} shall be denoted by X7.

In general, the construction of a system of equations representing the set S begins with
representing R, and proceeds with evaluating the quantifiers, eliminating the prefixes 1z,
1z, and so on until 1z;. In the end, all numbers (1w); with (w)7 € S will be produced.
These manipulations can be expressed in terms of the following three functions:

Remove; (X) = {(w)7 | lw)7 € X},
E(X)={(lw); |3z € {3,6}" : (z1w)7 € X},
AX) ={(Qw)7 |Vz € {3,6}" : (z1lw)7 € X}.
The expression converting numbers of the form (1w)7 to (w)7 is constructed as follows:

Lemma 3 (Removing leading digit 1). The value of the expression
X—{1n{ohu {J U &n@EE)90) - (1070 EEHED) (3.1)
iex7\{o} te{0,1}
on any S C (1(X3\ 0X%))7 is {(w)7 | (1w)7 € S}. The value on S C (10X%)7 equals .
With Lemma [3 established and the expression (Bl proved to implement the function
Remove (X), the notation Removes(X) is used in equations to refer to this subexpression.

Next, consider the function E(X) representing the existential quantifier ranging over
strings in {3,6}*. This function can be implemented by a single expression as follows:

Lemma E (Representing the existential quantifier). The value of the expression
(X N (1%7)7) U (X N ({3,6}7157)7)) + (—({3,6}70")7) N (127)7) (32)
on any S C ({3,6}*1%%)7 is E(S) = {(1w)7 | v’ € {3,6}*(v'1w)7 € S}.

Note that E(X) can already produce any recursively enumerable set from a recursive
argument, and therefore it is essential to use subtraction in the expression.

With the existential quantifier implemented, the next task is to represent a universal
quantifier. Ideally, one would be looking for an expression implementing A(X), but, unfor-
tunately, no such expression was found, and the actual construction given below implements
the universal quantifier using multiple equations. The first step is devising an equation rep-

resenting the function f(X) = {(x1w)7 | (1w)7 € X}, which appends every string of digits
in {3,6}* to numbers in its argument set.

Lemma 4. For every constant set X C (1X%)7, the equation
Y = X UAppendss(Y), where

Appendss(Y) = | | (Y n(GE)7) + (20%)7 N (2555)7 + ((i — 2)0%)7 N (i557)7
i€{3,6} j€{3,6}

U U rn@sng) + (077 0 (11577
1€{3,6}
has the unique solution Y = {(z1w); |z € {3,6}*, (1w)7 € X }.



ON EQUATIONS OVER SETS OF INTEGERS 7

Lemma A (Representing the universal quantifier). Let S, S C ({3, 6}*13%)7 be any sets,
such that SNS = @ and (x1lw)7 € S and (2'1w); ¢ S implies (x'1w); € S. Then the
following system of equations over sets of integers in variables Y, Y and Z

Y = Z U Appends ¢(Y) (3
Y = E(S)U Append;;,e(l?) (3
Z C (1) (3.
Y CSCYUY, (3
has a unique solution
Z =A(S) ={(1w)7 |Vx : (z1w); € S}
Y ={(ylw)7 |y € {3,6}", Va : (z1lw); € S}
Y = {(ylw)7 |y € {3,6}", Tz : (x1lw)7 € §}

Once the above quantifiers process a number (1zglzp_q...1z11w)7, reducing it to
(1w)7, it remains to obtain the actual number (w)7 from this encoding.

Theorem 1. FEvery arithmetical set S C Z (S C N) is representable as a component of
a unique solution of a system of equations over sets of integers (sets of natural numbers,
respectively) with ¢;,1; using the operations of addition and union and ultimately periodic
constants (addition, substraction, union and singleton constants, respectively).

4. Representing hyper-arithmetical sets

Following Moschovakis [14, SEC. 8E] and Aczel [I, THM. 2.2.3], hyper-arithmetical sets
By, Bs, ... shall be defined as the smallest effective o-ring, which is the recursive-theoretic
counterpart to Borel sets (the smallest family of sets containing all open sets and closed
under countable union and countable intersection).

Let fi, f2,... be an enumeration of all partial recursive functions and let 7, 79 be two
recursive functions. Then, for all k£ € N,

Br ) =N\ {k}, Cru={k}
Moreover, for all numbers k£ € N, if f;, is a total function, then

Brwy =UChtmy  Crate) =) Bt

where the former operation is known as effective o-union, while the latter is effective o-
intersection. Note that the only distinction between B, and C. is that the former is defined
as a union and the latter as an intersection. As the definitions are dual, B, = C..

The family of sets B = {B,,C. | e € I C N} is called an effective o-ring, if it contains
{BTI(G),CH(E) | e € N} and is closed under effective o-union and effective o-intersection.
Then HA sets are defined as the smallest effective o-ring. It is known [14, SEc. 8E] [I,
THM. 2.2.3] that for some (easy) choices of 71 and 7o the smallest effective o-ring coincides
with A sets. We fix those two functions and the corresponding B.

The smallest effective o-ring can be defined as the least fixed point of a certain operator
on the set A = 2NX2NX2N, where a triple (e, B, C,) indicates that the sets B, and C, have
been defined for the index e in the above inductive definition, and an operator ® : A — A
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represents one step of this inductive definition. Furthermore, this least fixed point can be
obtained constructively by a transfinite induction on countable ordinals, which is essential
for any proofs about hyper-arithmetical sets.

With every set B, € B one can associate a tree of Be, labeled with sets from B: its root
is labeled with Be, and each vertex B, (Cp, (), respectively) in the tree has children
labeled with {C ) |7 € N} ({By,(n) | € N}, respectively). Vertices of the form B, (.
or C7 () have no children and are thus leaves. The edge from the parent to the child is
labeled by the child’s label. A set X is said to be in the node if this node is labeled by X.

A partial order < is well-founded, if it has no infinite descending chain. Extending this
notion to oriented trees, a tree is well-founded if it contains no infinite downward path.

Lemma 5. For each pair of sets B, C. € B the trees of B.,C. are well-founded.

The well-foundedness of a set allows using the well-founded induction principle: given
a property ¢ and a well founded order < on set A

(Ym < n¢(m)) = ¢(n).
This principle shall be used in the below proof. Note, that the basis of the induction are
~<-minimal elements n of A, as for them ¢(n) has to be shown directly.

Fix B;, as the target set in the root. Consider a path of length £ in this tree, going
from B;, to Cj,, Bi,, ..., B, (or C;,, depending on the parity of k). Then, for each j-
th set in this path, i;_1 = m(n;) and i; = fi(n;) for some number n;, and the path is
uniquely defined by the sequence of numbers nq,...,n,. Consider the binary encoding of
each of these numbers written using digits 3 and 6 (representing zero and one, respectively),
and let Resolve be a partial function that maps finite sequences of such “binary” strings
representing numbers ny,...,n; to the number i;, of the set B;, or Cj, in the end of this
path. The value of this function can be formally defined by induction:

Resolve(()) =ig Resolve(xy,...,xp) = fq_Q—l(Resoer(xl’m’xk_l))(($k)2),

Note that Resolve may be undefined if some 7o-preimage is undefined.
The goal is to construct a system of equations, such that the following two sets are
among the components of its unique solution:

GOCLlO = {(1$k1$k—1 N 133‘1 10’[1))7 | k 2 0,1‘2‘ S {3, 6}*, (w)7 S BResolve(:cl,...,zk)}
Goaly = {(1xk1xk_1 oo 1x 10’LU)7 ‘ k>0,x; € {3, 6}*, ('LU)7 € OResolve(:cl,...,zk)}
These sets encode the sets By, Bi,... needed to compute B;,. In this way the (possi-
bly infinite) amount of equations defining sets in hyper-arithmetical hierarchy is encoded
in a finite amount of equations using only small number of variables. The set B; in
the node with path to the root encoded by xp,xp_1,...,21 € {3,6}* is represented by

{(1zp1l... 1z,10w)7 | (w)7 € B;} C Goaly.
The following set defines the admissible encodings, that is, numbers encoding paths in
the tree of Bj:

Admissible = {(1xglzi_11... 1x110w)7|k > 0,2; € {3,6}", Resolve(xy, ..., xy) is defined}

The next two sets define the sets of leaves of tree of B;,, which are the constant sets
B; and C; obtained by i = 71(e) for some e:

Ro ={(1zplzg—1 ... 12110w)7 | k = 0, 2; € {3,6}",Je € N, Resolve(x1,...,7x) = 11(e), (w)7 € By ()},
Ry ={(1zplzg_1 ... 12110w)7 |k > 0, 2; € {3,6}",de € N, Resolve(x, ... ,xx) = 71(e), (w)7 € Cr (o)}
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Lemma 6. The sets Goal;, Admissible, R; are r.e. sets, Resolve is an r.e. predicate.

Consider the following system of equations.

Xo = E(Remove;(X1)) U Ry (4.1)
X1=ZUR, (4.2)

Y = E(Remove; (X1)) U Appendgﬁ(f/) (4.3)

Y = Z U Appends ¢(Y) (4.4)

Y C Remove;(Xo N Admissible) CY UY (4.5)

7 (15h) (46)
Xo, X1 C Admissible (4.7)
XoNR =0 (4.8)
X1iNRy=0 (4.9)

Its intended unique solution will have Xy = Goaly and X1 = Goaly, and will accordingly
encode the set B;,, as well as all sets of B on which B;, logically depends. The system
implements the functions E(X) and A(X) to represent effective o-union and o-intersection,
respectively. For that purpose, the expression for F(X) introduced in Lemma [E] as well as
the system of equations implementing A(X) defined in Lemma [A] are applied iteratively to
the same variables Xy and X;. Simplifying the things, the above system may be regarded
as an implementation of an equation Xo = A(E(Xp)) U const.

The proof uses the principle of induction on well-founded structures. The membership
of numbers of the form (1xplxg_1...1x;10w); in the variables Xy and X;, where k£ > 0,
x; € {3,6}* and w € X%\ 0X%, is first proved for larger k’s and then inductively extended
down to k£ = 0, which allows extracting B;, out of the solution. The well-foundedness of the
tree of B;, means that although B;, depends upon infinitely many sets, each dependency is
over a finite path ending with a constant, that is, the self-dependence of numbers in Xy, X1
on the numbers in Xy, X1 reaches a constant Ry, R in finitely many steps. This idea shall
be formalised in the following lemmata.

Lemma [[0 and Lemma [I2 show that if there is a solution of system (£I)-(£9) then its
solution has Xy = Goaly and X; = Goaly. What is left to prove is that those sets (together
with some other sets) are in fact a solution.

Lemma 7. The unique solution of the system ([@I)—-@3) s
Xo = Goaly = {(1zplag_q ... 1x110w)7 | k > 0,2; € {3,6}", (w)7 € BResoer(zh___,xk)}
X1 = Goaly = {(Lrpley ... 12110w)7 | k > 0,25 € {3,6}", (0)7 € Cresotve(ar,....zx) }
Y ={(2zlapleg_1 ... 1z110w)7 |k > 0,2, 2; € {3,6}",Var1 € {3,6} (w)7 € BResolve(zl,...,xk+1)}
Y = {(z1aplap y ... L2110w)7 |k > 0,2, 2; € {3,6}", Iwys1 € {3,6}" (w)7 € Cresolve(en,opsr)
Z = Goaly \ Ry
= {(1zplzg_1 ... 12110w)7 |k > 0,e € N, 2; € {3,6}", Resolve(xy, ..., xr) = 12(e), ()7 € Cry(e)}
The rest of the construction proceeds as follows: first, Goaly is intersected with (10X%)7,

which is a recursive set, and then the leading digits 10 are removed. The latter is done by
analogy with the removal of 1 done in Lemma
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The expression Removeyo works similarly to Removes, and the proof of this lemma is
analogous to the proof of Lemma [3l

Theorem 2. For every set B C Z 1in the hyper-arithmetical hierarchy there is a system of
equations over subsets of Z using union, addition, singleton constants and the constants N
and —N, such that (B, ...) is its unique solution.

5. Equations with addition only

Equations over sets of natural numbers with addition as the only operation can represent
an encoding of every recursive set, with each number n € N represented by the number
16n + 13 in the encoding. In order to define this encoding, for each i € {0,1,...,15} and
for every set S C 7Z, denote:

7;(S) = {16n +i|n € S}.

The encoding of a set of natural numbers S C N

~ ~

S = U()(S) = {0} U TG(N) U Tg(N) @] TQ(N) @] Tlg(N) @] T13(S),

Proposition 4 ([9, THM. 5.3]). For every recursive set S there exists a system of equations
over sets of natural numbers in variables X,Y1,...,Y,, using the operation of addition and
ultimately periodic constants, which has a unique solution with X = oo(S).

This result is proved by first representing the set S by a system with addition and union,
and then by representing addition and union of sets using addition of their og-encodings.
The purpose of this section is to obtain a similar result for equations over sets of integers:
namely, that they can represent the same kind of encoding of every hyper-arithmetical set.
For every set S C 7Z, define its encoding as the set
S = U(S) = {0} U TG(Z) U Tg(Z) U Tg(Z) U ’7’12(Z) U T13(S).

The subset SN {16n +i|n € Z} is called the ith track of S.
The first result on this encoding is that the condition of a set X being an encoding of
any set can be specified by an equation of the form X + C = D.

Lemma 8 (cf. [9, LEMMA 3.3]). A set X C Z satisfies an equation

X+{0,4,11y= | m@u{ly

i€{0,1,3,4,6,7,
8,9,10,12,13}

iff X = U(X') for some X C Z.
Now, assuming that the given system of equations with union and addition is decom-

posed to have all equations of the form X =Y + 2, X =Y UZ or X = const, these
equations can be simulated in a new system as follows:

Lemma 9 (cf. [9, LEMMA 4.1]). For all sets X,Y,Z C Z,
oY) +0o(Z2)+{0,1} =o(X) +0({0}) +{0,1} iff Y + Z =X
oYV)+0o(Z2)+{0,2} =0(X)+0o(X)+{0,2} iff YUZ = X.
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Using these two lemmata, one can simulate any system with addition and union by a
system with addition only. Taking systems representing different hyper-arithmetical sets,
the following result on the expressive power of systems with addition can be established:

Theorem 3. For every hyper-arithmetical set S C Z there exists a system of equations over
sets of integers using the operation of addition and ultimately periodic constants, which has
a unique solution with X1 =T, where S = {n|16n € T'}.

6. Decision problems

Having a solution (solution existence) and having exactly one solution (solution unique-
ness) are basic properties of a system of equations. For language equations with continuous
operations, solution existence is H?—complete [19], and it remains H?—complete already in the
case of a unary alphabet, concatenation as the only operation and regular constants [9], that
is, for equations over sets of natural numbers with addition only. For the same formalisms,
solution uniqueness is Hg-complete.

Consider equations over sets of integers. Since their expressive power extends beyond
the arithmetical hierarchy, the decision problems should accordingly be harder. In fact,
the solution existence is Z%—complete, which will now be proved using a reduction from the
following problem:

Proposition 5 (Rogers [2I, THM. 16-XX]). Consider trees with nodes labeled by finite
sequences of natural numbers, such that a node (z1,...,xp_1,2k) is a son of (x1,...,Tx_1),
and the empty sequence € is the root. Then the following problem is H%—complete: “Given
a description of a Turing machine accepting the set of nodes of a certain tree, determine
whether this tree has no infinite paths”.

In other words, a given Turing machine recognizes sequences of natural numbers, and
the task is to determine whether there is no infinite sequence of natural numbers, such that
all of its prefixes would be accepted by the machine. The Z%—complete complement of the
problem is testing whether such an infinite sequence exists, and it can be reformulated as
follows:

Proposition 6. The following problem is $1-complete: “Given a Turing machine M work-
ing on natural numbers, determine whether there exists an infinite sequence of strings
{z;}52, with z; € {3,6}", such that, for all k > 0, the number (1zplxg_1...1z11)7 is
in L(M)”.

This problem will now be reduced to testing existence of a solution of equations over

sets of numbers.

Theorem 4. The problem of whether a given system of equations over sets of integers with
addition and ultimately periodic constants has a solution is Z%—complete.

Now consider the solution uniqueness property. The following upper bound on its
complexity naturally follows by definition:

Proposition 7. The problem of whether a given system of equations over sets of integers
ustng addition and ultimately periodic constants has a unique solution can be represented as
a conjunction of a X}-formula and a 11} -formula, and is accordingly in Al.
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Appendix.

Appendix A. Proofs from Section

Lemma[l.2l Consider a system of equations over sets of integers, in variables X1, ..., Xy,
using the operations of union and addition, and any constant sets, which has a unique
solution X; = S;. Then the same system, with each constant C C Z replaced by the set of
opposite numbers —C', has the unique solution X; = —5;.

Proof. Assume that the system is decomposed down to elementary equations X; +X; = X,
X;UX; = X;, and X; = C. Make a negative version of the same system, with each constant
C replaced by —C'" it has variables Y7,...,Y,.

It is sufficient to prove that if (Sq,...,S,) is a solution of the former system, then
(=S1,...,—Sp) is a solution of the latter system (the converse claim is symmetric and
holds by the same argument).

Consider an equation of the form Y; + Y = Y}, first. Then

S¢+Sj:{8i+8j|SiES¢,Sj GSj}:Sk
In the new system
(—Si)—i-(—Sj) = {—8i+(—8j)|—8i e —5;, —8; € —Sj} = {—(Si—i-Sj)‘Si € Si,Sj S S]} = -5

Similarly for other type of equations: consider equation of the form Y; UY; = Y. Then

(=Si))U(=8j)={-s| —se=S;or —se =5} ={-s|seSjorseS;} =5
For the equation of the form Y; = —C the argument is trivial. [
Lemma Let R C N be a recursive set. Then there exists a system of equations over

sets of natural numbers using union, addition and singleton constants, which has variables
X, Y.Y' . Zy,...,Z,,, such that the set of solutions of this system is

{(XzS, Y=SNR,Y =SNR, Zizsi)‘SgN},
where S1,...,Sm are some fized sets.

Proof. By Proposition [, for each recursive set R (given by a TM T recognizing it and
halting on every input) one can efficiently construct a system with a unique solution, such
that R is one of its components. As the complement of a recursive set is effectively recursive,
the set R is representable as well.

Add equations

YCX YCR
YUY=X Y'CR
Which are **clearly™ equivalent to
Y=XNR Y =XnNR.

In particular there is a unique solution of the constructed system. ]

(p-B)
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Lemma 2L If sets SNN and (—S) NN are representable by unique solutions of equations
over sets of integers using union, addition, and ultimately periodic constants. Then S is
representable by equations over integers using only union, addition and ultimately periodic
constants.

Proposition 8 ([16, THM. 3]). Let X = ¢(X) be an equation, where ¢ uses union, inter-
section, addition and constant sets of natural numbers, and furthermore, p(X) is of the
form o(p1(X), ..., 0k(X)), where each p;(X) is either a constant, or an expression of the
Jform @;(X) + C with C C N\ {0}. Then the equation has a unique solution.

Appendix B. Proofs from Section

Lemma Bl The value of the expression

X-{1pn{ohu U U (X0 (@ish(£9)%)7) = (10%)7 N (i24(53)*)7 (B.1)
iex7\{o0} te{0,1}
on any S C (1(X%\0X%))7 is Removey (S) = {(w)7|(1w)7 € S}. The value on S C (10X%)7
equals &.

Proof. Let ¢ denote the considered expression. By Proposition 7?7 it is distributive over
infinite union, so we will eveluate it on a single number n. Suppose first that n = 1. Then
clearly ¢({1}) = {0}.

So suppose now that n = (1/’w)7. Observe, that if i/ = 0 then the value of the
expression is empty, as this number does not pass any intersection. Then let i € X7\ {0}.
The first term is empty, thus we focus only on the second one. The intersection with the
set (1iXL(22)*)7) is non-empty only for i = 7.

Consider first + = 0. Then n passes through the intersection with (1i%(22)*);) only
if it has odd number of digits (in base-7 notation). Then we subtract m = (10%)7 from it
and require that the result has an even amount of digit. As the second leading digit of n is
non-zero, this can only happen if £ = |w| + 2 and thus n — m = (iw)7, for |w| odd.

Consider now ¢ = 1. By similar argument as for t = 0, we conclude that ¢({(1iw)7}) =
{(iw)7} for even |w|.

Hence

o(({1w)7}) = {(w)7}

for w € ¥4\ 0X%. ]
Lemma [El The value of the expression

(X N(1Z7)7) U (X N ({3,6}7157)7)) + (—({3,6}70")7) N (137)7) (B.2)
on any S C ({3,6}*13%)7 is E(S) = {(1w)7 | Ju’ € {3,6}*(w'1w); € S}.

Proof. Let ¢ denote the stated expression. Since it is, by Proposition ??, distributive over
infinite union, it is enough to consider the value of of ¢ on one number n = (z1y); € S for
x € {3,6}*. We consider the cases of z = ¢ and = € {3,6}" separately.

If n = (1y)7, then it passes through intersection with (1X%)7 in the first part of the
union, and therefore it appears in the result. On the other hand, it is filtered out by the
intersection in the second part of the union, hence

o({(1y)7}) = {(Ly)7} = E({(1y)7})
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Consider now n = (z1y)7 for = # . Then it is filtered by the first intersection, but it
passes through the second, so it is enough to evaluate the second part of the union on this
number.

Consider a number (20)7 € ({3,6}*0%)7, where z € {3,6}*. We show, that (z1y)7 —
(20%)7 € (12%)7 implies # = 2 and |1y| = £. This is done by comparing the position of the
leftmost 1 in x1y and in the result.

We first show that a subtraction of 3 or 6 from 3 or 6 cannot create a digit 1, no matter
what are the digits to the left and right. If we subtract 3 from 6 then the result is 3 or 2
(2 can occure due to a possible borrowing). Similarly, when 3 is subtracted from 3, only
6 or 0 can occur. If 6 is subtracted from 6, only 0 or 6 can appear and finally, when 6 is
subtracted from 3 only 4 or 3 can appear. So in ay case, 1 cannot be obtained.

In the same way, when 0 is subtracted from 3 or 6, 1 cannot be obtained, whatever are
the digits to the left and right: if O is subtracted from 3, only 3 or 2 can be obtained. If
from 6, only 6 or 5.

Consider the position p of the leftmost 1 in the result and in xz1y, p’ = |1y|. Then it
cannot be that p > p/, as then 1 at position p’ has to be obtained as a subtraction of 0 or
3 or 6 from 3 or 6. Suppose p < p’, so one of 3, 6 or 0 was subtracted from 1 and 0 was
obtained. This can only appear when 0 is subtracted and there is a borrowing, but this is
in fact not possible, as we subtract (y0)7, y € {3,6}* so if 0 is subtracted from 1, only 0
is subtracted from each position to the right, so in fact there is no need for a borrowing.

Thus p = p’. As 0 was subtracted from the leftmost 1 in 21y, (20%)7 < (20%)7, otherwise
the result is negative. If (209)7 < (20%)7 then the leading digit is obtained on the position
greater than p’. Thus (20%)7 = (20%)7 and therefore (21y)7 — (209)7 = (1y)7. Thus the
result is in the desired set, i.e. a number (1y)7 is obtained, such that (z1y)7 € S for some
x € {3,6}".

Hence for z € {3,6}*

o({(z1y)7}) = {(1y)7} = E({(z1y)7}).

And so the assertion of the lemma holds. n

Lemma [l For every constant set X C (1X%)7, the equation
Y = X U Appends (Y),

where

Appendss(Y) = | (J (Y 0 (GZ5)7) + (2077 0 (2555)7 + (i — 2)0%)7 N (i555)7
i€{3,6} j€{3,6}

u | v n(azh)q) + (i0%)7 N (i153)-
1€{3,6}

has the unique solution Y = {(z1w); |z € {3,6}*, (1w)7 € X }.

Proof. First of all note that Appendse(Y) C N for all Y: as Appends ¢(Y') intersects Y with
a subset of natural numbers as its first operation and uses addition of natural numbers,
intersections and union of subexpressions; all of those cannot introduce any negative num-
bers. Since X C N, it follows that ¥ C N as well. Hence equation defining Y is in fact an
equation over set of natural numbers.

The equation defining Y is a strict system, thus, by Proposition 8, it has a unique
solution. So it is enough to show, that the specified Y is a solution. To this end we calculate

(p-B)
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X U Appends ¢(Y) and compare its value with Y. Since, by Proposition ??, Appendse is
distributive, it is enough to calculate Appends¢({n}) for each n € Y.

Consider the first big union. Fix ¢, j. Let n = (j'w)7 for some j' € ¥. Then {n}N(jX%)7
is non-empty only for j* = j. So in the following we assume that j = j'. Consider the term:

({n} N (7E7)7) + (20%)7 N (2j%7)7.
We show that the result is (2jw)7. Let (20™)7 be added to n. If m > |w| + 1 then
(jw)7 4+ (20™)7 = (20~ 1*I=1ju)7. So the second leading digit is 0 # j and this number
is filtered out by intersection with (2j3%)7. Suppose that m < |w|. Then the leading digit
can be left intact, increased by 1 or a new leading digit 1 can be created. In all cases this
is different from 2, so all those numbers are filtered out by intersection with (2jX%)7. If
m = |w| + 1, the result is
(jw)7 + (20™)7 = (2jw)7,
as desired.
Consider now the second operation inside the first big term, i.e.

{(27w)7} + ((i = 2)0")7 N (i537)7
and suppose a number ((i — 2)0%)7 is added to (2jw)7. If £ > |w| + 2, the leading digit
of the result is (i — 2) and is thus filtered out. If £ < |w| 4 2 then the leading digit is
either 2 or 3. The former is filtered out. The latter is correct if « = 3. But in such
case (i — 2)0’ = 10° and so in order to have a carry j = 6 and is turned into 0, i.e.
(2jw)7 + ((i—2)0%)7 = (26w)7 + (10°)7 = (30w’)7 and it is filtered out as well, since j # 0.
Hence the only remaining subcase is ¢ = |w| + 2:

(2jw)7 + ((i — 2)0%)7 = (ijw)r.

And this is the wanted result. Taking the union over ¢, j we obtain, that
Appends {(jw)7} = ({(3jw)7, (6jw)7})7, whenever j € {3,6}.

Consider now j = 1. Then the first big term is empty. Let us consider the second one.

({n} N (137)7) + ((1)07)7 N (i527)7
Let a number (i0™)7 be added to n = (1w)7. If m > |w| + 1 then (i0™)7 + (1w); =
(iOm_|w‘_11w)7, in particular the second last digit of it is 0, so it is filtered out by intersec-
tion with (i13%)7. If m < |w| + 1 then the leading digit is 1 or 2, so it is also filtered out.
If m=|w|+1:
(z’Om)7 + (1’LU)7 = (z’lw)7,

as desired.
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Hence Appendss({(jw)7}) = ({3jw,6jw})7, if j € {1,3,6} and & otherwise. Using
this in calculations of the right-hand side

X U Appends g(Y) = X U U Appends g({n})
ney
= X U {Appendzs(n) |n €Y}
=X U{(Bw)7, (6w)7 [ (w)7 € Y}
= X U{(8uw'1r)7, (6w'1z)7 | w' € {3,6}*, (12)7 € X}
= X U{(w'1z); |w € {3,6}", (1z); € X}
= {(w'1x); |w' € {3,6}", (12); € X}
=Y
So Y is a unique solution of this equation. [
Lemma Al Let S,5 C ({3,6}*1%%)7 be any sets, such that SN S = @ and (z1w)7 € S

and (2'1w)7 ¢ S implies (2'1w)7 € S. Then the following system of equations over sets of
integers in variables Y, Y and Z

Y = Z U Appends ¢(Y) (B.3)
Y = E(S) U Appends ¢(Y) (B.4)
ZC(1%7)7 (B.5)
Y CSCYUY, (B.6)

has a unique solution
Z =A(S) ={(lw)7 | Vz: (z1lw)7 € S}
Y ={(ylw)7 |y € {3,6}", Vo : (z1lw); € S}
Y = {(ylw)7 |y € {3,6}", Tz : (x1lw)7 € §}
Theorem [l  Every arithmetical set S C Z (S C N) is representable as a component of a

unique solution of a system of equations
SOI(X].J"'7X’H) - T/Jl(Xl’---,Xn)

Spm(Xla"an) - T/Jm(X177Xn)

over sets of integers (sets of natural numbers, respectively) with ¢;,1; using the operations
of addition and union and ultimately periodic constants (addition, substraction, union and
singleton constants, respectively).

Since every arithmetical set is representable by a unique solution, Lemma can now
be strengthened to the following result to be used in the following:

Corollary 1 (Intersection with arithmetical constants). Let R C N be an arithmetical set.
Then there is a system of equations over sets of natural numbers using union, addition and
singleton constants, in variables X,Y.Y' Z1,..., Z,,, such that the set of solutions of this
system 1is

{(X=5Y=SNR Y =SNR, Z;=5)| SCN},
for some fized sets Si,...,Sm.

(p-[0
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With this statement established, Lemma [ can be accordingly improved to handle
systems with arithmetical constants. Such systems shall now be used to represent an even
greater family of sets.

Appendix C. Proofs from Section [4

Figure 1: Definition of B;,.

(.8 Lemma Bl For each pair of sets Be,C. € B it holds that B, = C., and the trees of Be,C,
are well-founded.

Proof. First of all, note that, by the definition of B, and C,, the tree of B, has the same
structure as the tree of C,, only with names of the vertices changed, i.e. with B, replaced
by Cy and C,r replaced by Ber. So without loss of generality we may focus on trees for B,.
In order to understand the proof, we have to define B in a more constructive manner.
We follow the notation of [I], though it is essentially the same conventions as [14] stripped
out of technical details.
Let By = {B:,(¢), Cr,(¢) | € € N}. For a successor ordinal A + 1 define

Bay1 = {Bry ), Crye) | Y Cy ) € Br} U Bo
and for limit ordinal A define
Br= | Ba

a<
Then by standard set-theoretical tools and least-fixpoint theory it can be shown that
B, = By, +1, where wy is the least non-countable ordinal number. We take B = B,,,. Then

B, is the least effective o-ring [I, Cu. C7 Sec. 2.2] [14, SEC. 8E]. We show those results
for completeness.
We show that if B, = B,t1 then B, is an effective o-ring. Clearly it contains all the sets

{B Cr (e) | € € N}. Moreover, if for e {Cf, () | n € N} C B, then By, (o) € Bay1 = Ba.

T1(e)»
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Similarly {By, () |n € N} C B, then C,,(¢) € Bay1 = Ba. Hence B, is closed udner effective
o-union and effective o-intersection and it is an effective o-ring. Moreover, if B, = Byt1
then B, = B) for all A > «. This follows by standard transfinite induction argument: for
limit ordinals A > «

B)\: UBXg UBa:Ba

AN <A AN <A
and for successor ordinals A =X +1 > a:
{BTQ(e ) |V Cf,(n)s Bf.n) € By} U By
= {BTQ(e ) |V Cy,(nys Bf.(n) € Ba U B
- Ba—i—l
= B,

We show that for some A\ < wy it holds that By = By11. Suppose not. Then for all A <
w1 Byy1\ By is non-empty. Define D* € By.1\By. Then |B,,| > [{D* |\ < w1} =Ry > N
and this is a contradiction, as B, C {Be,C. | e € N}, i.e. it has countably many elements.

We use the constructive definition of B to show that tree of B, is always well-founded:
consider, for the sake of contradiction, By such that there exists B, € B such that the tree
of B, is not well founded. Since the ordinals are well-founded, there exists a minimal such
A

Ordinal A cannot be a limit ordinal, as then

Br= ] Ba
a<A
and therefore B, € B, for a < A, contradiction.

Similarly X # 0, as all the sets from By have trees of 0-height.

So A = o+ 1. Let the children of the root of the tree of B, be C¢,,...,C¢, ,.... Then
one of them, say C,, is not well-founded. But it means that B., has a tree which is not
well-founded either, and B,, € B,, contradiction.

Hence all the trees in B are well-founded.

Similar argument by transfinite induction is applied to show that B, = C.. Consider
A such that there are B,,C, € By such that B, # C,. As ordinals are well- founded we can
choose a minimal such A. Then clearly A # 0, as by definition B, ;) = {k} =

Suppose that A is a limit ordinal. But then B, C, € B, for some a < A

So assume that A = a4+ 1. Then

B. =B, Uq% C. = Cryi) ﬂBﬁ

and be definition, for all n Cy, (), By, (n) € Ba. Thus Cy, () = Bfk( y and hence

k):mek mcfk Ucfk B, (k)

Which concludes this part of the proof. ]
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Lemma [6l The sets Goal;, Admissible, R; are r.e. sets, Resolve is an r.e. predicate.

Proof. Consider first that Resolve(xy,...,x) can be represented in the form
(Fir) ... (Fig)(30) ... (30,)(3t)R, where R is a recursive predicate that determines whether
for every j € {1,...,k}, 2(¢;) = ij_1 and i; = f;,((z;)2), and furthermore, that the eval-
uation of each fy; is done in at most ¢ steps of computation. This proves that Resolve is
recursively enumerable.

We give the proof for Ry, the other sets are similar. To determine, whether
(lzglzg_11...12110w)7 € Ry we first calculate the value iy = Resolve(xy,...,x). This
can be done, as Resolve is a RE predicate. Then we check whether 7, (i1,) = (w)7. ]
Lemma 10. If Resolve(x1,...,x;) = 11(e) then

XoN (1:L’k1 ... 1IL’1102;)7 = {(1xk1 .. 1x110w)7 | (w)7 S Bn(e)}

XN (Lzpl. . 121087)7 = {(lapl... 12110w)7 | (w)7 € Cr o)}
Proof. By [@J) Ry C Xo
XoN(Lwgl... 1211057)7 2 RoN(logl ... 12110%7)7 = {(121 ... 12110w)7 | (w)7 € B (o)}
On the other hand, by (4.8
XoN{(1zpl... . 1z110w)7 [ (w)7 & Br(e)} = Xo N {(1zxl ... 12110w)7 | (w)7 € Cr (o)}
=XoN R
=9
Hence the claim for X, follows. Similar calculations can be done for X;: by (@2
R, C X4, therefore
XiN(lzpl.. . 12110¥7)7 2 RiN(1ogl ... 1211087)7 = {(1zxl ... 1o110w)7 [ (w)7 € Cry(e)}
Conversely, by (£.9)
Xpn{(1zgt. . 1z110w)7 | (w)7 ¢ Cro)} = Xa N{(Lapl ... 12110w)7 | (w)7 € Bry(e)}
= X1 N Ry
=9
And hence
X1N (Lzgl. . 1211087)7 = {(Lzpl ... 12110w)7 [ (w)7 € Cr(e)}

Lemma 11. If Resolve(xy,...,x) is defined, then every solution (Xo, X1,......) of [@&I)-
Q) satisfies
XiNn(1zgl. . 129108%)7 = {(1agl ... 1z110w)7 | (1agl... 12110w)7 ¢ Xo}

Moreover if there is e such that Resolve(wy, ..., wy) = 12(e), then

XoN (lzkl. .. 121108%)7; = {(lzgl...1z110w)7 | Jxpsq € {3,6} (lzpy1l. .. 12110w); € X1}
XN (1:Ek1 - 11‘1102;)7 = {(11‘k1 ... 1:1711010)7 | VR € {3, 6}* (1wr+11 ... 1x110w)7 € Xo}
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Proof. In order to show the claim we proceed by induction. We exploit
the inductive definition of HA sets: consider an ordering < of sets {X N
(1zk1...121105%)7 | Resolve(xy,...,xr) is defined} defined by saying that X N
(1xpsql...121108%)7 is a direct predecessor of X N (1xgl...12110X*)7. Note that each
descending sequence of sets corresponds to a path in the tree of B;,. Since this tree is
well founded by Lemma [B, also < is well-founded. Thus we may prove the theorem us-
ing an induction principle, i.e. show that if the thesis holds for all direct predecessors of
XN(1xgl... 121103%)7, then it holds for X N (1zx1...12110X*)7 as well. Note, that some

sets have no predecessors — being more precise, those that Resolve(zy,...,x) = 71(e) for
some e.

Consider first the induction basis, i.e. (x1,...,x%) such that Resolve(x,...,xy) is
defined but for any xpy1 Resolve(zi,...,zr41) is not. By definition this means that
Resolve(xy,...,z,) = 7i(e) for some e. Then by Lemma [I0]

XoN (1xk1 R 1,171102;)7 = {(1l‘k1 R 11‘110’[1))7 | (’LU)7 € B, (6)}
XiNn(lxgl.. 129108%)7 = {(lzkl...1z110w)7 | (w)7 € Cr(e)}
Hence
X1 N (1zgl.. 129108%)7 = {(1zkl...1z110w)7 | (w)7 € Cr(e)}

= {(1zxl... 1z110w)7 | (w)7 ¢ B (e)}
= {(lzkl... 1z110w)7 | (1zgl. .. 12110w)7 ¢ Xo}

We now prove the induction step — we fix w1, . . ., wg, such that Resolve(wy, ..., wg) =
T2(e), and assume that all the claims of the lemma hold for all Xo N (12411 ... 1210%%);
and X7 N (12411 .. 12;10%%)7. Then we show that they hold for XoN (1zxl ... 12,10%%);
and X7 N (1zgl...121103%)7 as well.

Our goal is to extract the equations defining the two sets in question out of the system
and infer the needed properties. This is done by intersecting the system with specially
chosen constants and applying Lemma [El and Lemma [Al to the newly obtained system.

Intersect (A1) with set (1zx1...127103%)7. Note that

Ry N (1xk1 S 13:1102?)7 =9

as Resolve(zy,...,x) = T2(e).
Then consider
E(Removes (X1)) N (1apl... 1211037)7

Since
E(Removei(X1)) = {(1w)7 | Jx € {3,6}" (lxlw); € X3}
we obtain that
E(Remove; (X1)) N (1zpl. .. 1211087%)7
={(1lw)7 |z € {3,6}" (1x1lw)7 € X1} N (1zxl... 12,10%%)7
={(1zgl... 12910w)7 | Jzk11 € {3,6}" (Laxgirlagl... 12110w)7 € X1}
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but by induction assumption
(1xk+11xk1 oola 1Ow)7 e X — (’LU)7 € CResolve(ml, ,

e Zg1)
= (w)7 S Cf ((Tr41)2)
(Resolve(:vl ,,,,, zp))

= (w)760f e (@r1)2)

<— (’LU)7 € Ofe((mk+1)2)

Thus
{(1zpl. .. 12110w)7 | Fzkeq € {3,6} (lzpr1lxpl. .. 1z110w)7 € X1}
= {(1:Ek1 ... 1x110w)7 | Jxpy1 € {3, 6}* (’LU)7 S Cfe((u’vk+1)2)}
= {(1:Ek1... 1x110w)7 | (w)7 € U Cfe((xk+1)2)}
xk+1€{376}*
={(1zkl...1110w)7 | (w)7 € Brg(e)}
And so the claim follows.

We now use the same approach in a little more complicated case: we want to “ap-
ply” Lemma [Al to [@3)—-([@0). As we are interested now only in (more or less) subsets
of (1zxl...12,103%)7, we intersect the equations with appropriate sets. Then we obtain
other equations, to which Lemma [A] is applicable — the needed technical assumptions of
the lemma will be satisfied by the induction assumption.

Introduce new variables X{,, X1, Y, Y’, Z'. They are related to the existing variables
by equations

X\ =XoN (1{3,6} 1zy1l... 12110%%);
X] =X N(1{3,6} 1zpl... 12110%%);
Y' =Y N({3,6} 1xxl...121105%);
Y =Y N ({36} 12p1... 121105%);
Z'=7ZnN (1zpl... 121103%);

Then, for a fixed solution of the system, those variables are assigned fixed values. We
infer a new system of equations, using only and the new variables and constants. Then we
apply Lemma [E] and Lemma [Al to the new system.

Consider the intersection of (A3) with set ({3,6}*1xx1...12110%X%)7. Then on the
left-hand side we obtain ¥ N ({3,6}*1241. .. 12,105%); = Y’ while on the right-hand side
<E(Removel(X1)) U Appends (Y )) N({3,6}"1xp1...1211037%)7

Let us calculate them separately:

E(Removey (X1)) N ({3,6} 1ap1... 121103%)7 = E(Removes (X1)) N (1akl ... 121105%)7

X1) N ({3,6} 1a41... 12,105%)7)
X1 N (13,6} 121 ... 121105%)7))
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and

Appends ¢(Y) N ({3,6} 1zl ... 12110557 = Appends(Y) N ({3,6} 1zl .. 12110557
= Appendss(Y N ({3,6} 121 ... 121105%)7)
= Appendgﬁ(f/')

And therefore the following equation is obtained

Y’ = E(Remove (X)) U Appendg,s(f”)
Now intersect (£4]) with the same set, the calculations are similar to the ones for (€3)):
Y N ({3,6}* 1241 ... 1211058%);
=Y’
= (ZN({3,6}"1z1...1211057)7) U (Appends (Y') N ({3,6} " 1z41 ... 1211057)7)
= (ZN({3,6} 1x1l...12110%%)7) U (Appends 6(Y) N ({3,6} T 1agl ... 1211055)7)
= (ZN (1zkl... 12110X7)7) U Appends (Y N ({3,6} 1x;1 ... 12110%X7)7)
= 7' U Appendz 6(Y"')
And lastly consider an intersection of (A5]) with the same set
Y N ({3,6} 1xx1...12110%%)7 C Removes (Xo N Admissible) N ({3,6} 1xxl ... 121103%)7
= Removey (Xo N (1{3,6} 1x;1... 121103%)7 N Admissible)
C Removey (Xo N (1{3,6} " 1xx1...1211037)7)
CYN ({36} 1a,1... 1211085, UY N ({3,6} 1zl . .. 12,105%);
Thus we obtain N
Y’ C Remove; (X)) CY' UY’
The newly obtained equations, together with
Z'CZC (%))
inferred from (), satisfy the assumption of the Lemma [A] — it is enough for us to check
the technical conditions imposed on X{, and X{. First of all we check that they are disjoint:
X{NnX]=XonX;N(1{3,6} 1ax1...121102%)7)

= U XoN X, N (1zp izl ... 1211053)7)
Tp+1€{3,61*
— U o
T 1€{3,6}*
with the last equation following from the induction assumption.
Then consider wgyy1,2),, € {3,6}* and w such that (lzp11w); € Xo N
(1{3,6}"1ap1 ... 121105%)7 and (17}, 1w)7 ¢ XoN(1{3,6} 1wx1... 12110X7)7. Then w =
lrgl... 1210w and therefore 1xp 1121, .. 12110w" € X and 1z)  1zpl... 121100 ¢
Xgy. Then by induction assumption
X = XiN(Qzgiilakl .. 12110857 = {(Lzgri 1ol .. 1z 10w") 7| (Lo Lagl . . 1z 10w") 7 € Xo}

in particular (17} 1z31...12110w")7 € X1, as required by Lemma [Al
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Since the assumption of Lemma [Al are met,
Z'=7ZnN1zpl. .. 12110357 = {(lw)7 | Vz(lzlw); € Xo N (1{3,6} 1zxl ... 121105%) 7}
={(1zgl...12110w)7 | Vor1(1zgsgl. .. 12110w)7 € Xo}
Then intersecting ([4.2)) with set (1zx1...12;10%%)7 yields:
X1N(lzgl. . 1211057)7 = (Z N (Lzgl ... 1211087)7) U (R N (1zgl ... 1211037)7)
={(1zgl...12110w)7 | Vo1 (1xg411 ... 12110w)7 € Xp U @

and so the third claim of the lemma follows.
We need just to check the first claim of the lemma:

X1 N (1zgl. . 129108%)7 = {(1agl ... 1z110w)7 | (1agl... 12110w)7 ¢ Xo}

Let us calculate:

X1N(Qzkl. . 121108%)7 = {(1zkl ... 12110w)7 | Vagsq € {3,6} (lwyial. .. 12110w)7 € Xp}
= {(1zx1... 12110w)7 | Vrp41 € {3,6}" (lwyp1l... 12110w)7 ¢ X1}
= {(1zx1... 12110w)7 | ~(3zp41 € {3,6}" (lwysrl... 12110w)7 € X3)}
= {(1zx1... 12110w)7 | ~2((1zkl ... 12110w)7 € Xo)}
= {(1zgl... 12110w)7 | (1zl ... 12z110w)7 ¢ Xo}

m
Lemma 12. If Resolve(xy,...,x;) = e is defined, then
XoN (ll‘kl R 1%‘1102;)7 = {(1:L‘kl . 1:1?110211)7 | (’LU)7 € Be} (Cl)
X1 N (lagl.. . 129108%) 7 = {(lzpl...12110w)7 | (w)7 € Ce} (C.2)

Proof. As in the previous lemma, we employ the < ordering of sets and apply the notion of
induction on well-founded structures.

For base sets, i.e. the ones without a successor, it holds that Resolve(zy,...,x) =
71(e). Then by Lemma
XoN(1lzpl.. . 121108%)7 = {(lzxl...1z110w)7 | (w)7 € B (e)}
XiN(1zgl.. 129108%)7 = {(1zkl...1z110w)7 | (w)7 € Cr(e)}
i.e. the claim holds.
So consider now x1, ...,z such that Resolve(xy,...,zx) = 72(e) for some e. Then by
Lemma [T
XoN (lzkl. .. 12110%%)7; = {(lzgl...1z110w)7 | Jxpsq € {3,6}" (lzgy1l. .. 1z110w); € X1}

XN (1$k1 R 11‘1102;)7 = {(11‘k1 ... 1$110’LU)7 | Jxpy1 € {3, 6}* (11‘k+11 ... 15811010)7 S Xo}
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and by induction assumption this is equal to
XoN (1zpl.. . 121108%)7 = {(1zgl ... 12110w)7 | 3xps1 € {3,6}" (1ag1l. .. 12110w)7 € X1}
= {(137]4:1 o 127110211)7 | 3331@4—1 S {37 6}* (’LU)7 € OResolve(rl,...,mIH_l)}

= {1zl .. 1m10w)7 | (w)7 | € T )
(Ek+1€N 2 b .

= {(tzp1.. . 1z10w)7 | (w)r | € Chopin}
(Ek+1€N

= {(1zp1... 12110w)7 | (W)7 € Brye)}
Similar calculations can be done for Xj:
X1N(Qzkl. .. 121108%)7 = {(1zkl ... 1x110w)7 | Vo € {3,6}° (lop1l ... 12110w)7 € Xo}
={(1zgl... 12110w)7 | Va4t € {3,6}" (w)7 € BResolve(ar,...ars1) )

= {(ta1... 121 10w)7 | (w)7 € () By ,

5 (Resolve(x,...,

Tp41EN

:{(1xk1...1$110w)7| (w)76 m Bfe(rk+1)}

zTr41EN
={(1zkl... 1110w)7 | (w)7 € CTQ(E)}

Lemma [7l The unique solution of the system (EI)—(A3) is (p.@)
Xo = Goaly = {(1aplag_1 ... 1x110w)7 | k > 0,2; € {3,6}", (w)7 € BResoer(mw,xk)}
X1 = Goaly = {(Lwpleg_1 ... 12110w)7 | k > 0,25 € {3,6}", (0)7 € Cresotve(ar,....zx) }
Y = {(zlzplog_1... 12110w)7 | k > 0,2,7; € {3,6}", Vg1 € {3,6}"(w)7 € BResotve(er,...opi1) )
Y = {(z1aplapy ... Lo110w)7 |k > 0,2, 2; € {3,6}", Jzps1 € {3,6}" (w)7 € Cresolve(rr,opsr)
Z = Goaly \ Ry
= {(1zplzg_1 ... 12110w)7 |k > 0,e € N, 2; € {3,6}", Resolve(xy, ..., xr) = 12(e), (w)7 € Crye)}
Proof. We give a routinous calculations
Consider first (£1]). By Lemma [El
E(Removes(Goaly))
= E({(zplrg_1 ... 12110w)7 |k > 0,2; € {3,6}", (w)7 € CRresolve(a1,....ex)})
={(lzp_11... 12110w)7 [k = 0,2; € {3,6}", 3w € {3,6}" ()7 € Cresolve(ar,....0n) )}
={(laxl... 12110w)7 | k > 0,2; € {3,6}", 3wk 41 € {3,6}" ()7 € CRresotve(ar....ap z1)
= {(topl.. 1z 10w)7 |k > 0,2, € {3,6}", (w)r e | O
Tp41€{3,6}*
={(1zp1.. . 12110w)7 | k > 0, x; € {3,6}7, Je € N, Resolve(xy,...,x1) = 72(e), (w)7 € Brye)}
And as
Ro = {(1xy ... 1x110w)7|k > 0,2; € {3,6}",Je € N, Resolve(z1, ..., 1) = Ti(e), (w)7 € By ()}

2_1(Resolve(cvl ,,,,, T
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We obtain that
E(Removey(Goaly)) U Ry ={(1z) ... 1x110w)7 |k > 1, x; € {3,6}", Je € N
Resolve(wy, ..., x1) = 11(e), (w)7 € B, () Or
Resolve(ry, ..., x1) = Ta(e), (w)7 € Bry(e)}
={(1wg ... 1z110w)7 | k > 1,2; € {3,6}", (W)7 € BRresotve(ar,....x) )}
=Goaly

So we have shown that (£I) holds.
Consider now [@2)). As R; C Goal;

(GOCLll \ Rl) U Rl = Goah

and so (A2]) holds.
Consider (A3]). Then by Lemma [E] similarly to the calculations done for (ZI]),

E(Removes(Goaly)) =
{(1zpleg_q ... 12110w)7 | k > 0,2; € {3,6}",Txpy1 € {3,6} (w)7 € C’Resolve(zh_”’xkﬂ)}.
Considering Appendgﬁ(f/), by Lemma [
Appendg,s(f’) =
{(z1zplep_y ... 12110w)7 | k = 0,2; € {3,6}",2 € {3,6}" Jzyy1 € {3,6}" (w)7 € CResolve(w1 .. enit) )
Therefore the right hand side of (£3) is equal to
{Qaplazg_y .. 12110w)7 [k > 0, z; € {3,6}", Jzp41 € {3,6}" (w)7 € Cresolve(ar,..apyr)
U{(zlaplag_y ... 12110w)7 | k > 0,2 € 3,6}, 2 € {3,6} ", Jupy1 € {3,6}" (w)7 € CResolve(w,...xpp1) |
= {(@lzplap_1... 12110w)7 [ k > 0,2,2; € {3,6}", Fwk41 € {3,6}" ()7 € Cresotve(ar,..xp1) )

and thus (£3]) follows.
Consider ([£4]) we calculate the two parts separately:

(Goah \Rl)
={(lzplep_1...12110w)7 |

k>0, z; € {3,6}", Jde € N Resolve(z1,...,xx) = 12(e), (w)7 € Cry(e)}
={(lzglap_1 ... 1lx110wW)7 | k
k

>0
= O,IL’i S {3,6}*,Vazk+1 € {3,6}* ('LU)7 € Bf B
0

,,,,,

2

= {(1xk1xk_1 - 1x110w)7 | = 0,x; € {3,6}*,Vazk+1 € {3,6}* (w)7 € BResolve(:cl,...,zk,szrl)}

Appendz g(Y)
= Appends g({(z1zplag_1 ... 12110w)7 | k > 0,2, 2; € {3,6}", Va1 € {3,6} (w)7 € BResolve(:cl,...,szrl)})
= {(xlxklxk—l s 1$110w)7 | k> nyi € {37 6}*,l‘ S {37 6}+7 VZEk’-‘rl € {37 6}* (w)7 € BResolve(zl,...,:ck,:ck+1)}

And taking the union of those two we obtain

{(1$k1$k_1 s 13311010)7 | k> 0, z; € {37 6}*,Vﬂj‘k+1 € {37 6}* (’LU)7 S BResolve(zl,...,:ck,:ck+1)}
U{(e1zplzg_y ... 12110w)7 |k >0, z; € {3,6}", x € {3,6}7, Vary1 € {3,6}" (w)7 € Bresowve(ay,....oxox1) )

P
= {(:L’l:L’k].:L’k_l o1l 1Ow)7 | k>0, x,z; € {3, 6}*, Vo, € {3, 6}* (w)7 € BResolve(rl,...,rk,xk+1)}
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And so we have shown (£4).
Consider the first part of (£I) first. Then

Removes (Goaly N Admissible) = Removes (Goaly)

= {(xklxk_l R 2] 1Ow)7 ‘ k>1x € {3, 6}*, (w)7 S BResolve(rl,...,xk)}
=

= {(zgr1lz) ... 12110W)7 | Kk
and the left part of it is
Y = {(zlzplrg_1 ... 12110w)7 | k > 0,2,7; € {3,6}",Vap 41 € {3,6}"(w)7 € BResotve(er,...ori1) )
C{(zlzplzg_1...12910w)7 | k = 0,2, 2; € {3,6}", (w)7 € BResolve(xl,,,wk,z)}
= {(Trp112plop 1 .. 12110w)7 |k > 0,25 € {3,6}", (W)7 € BResolve(wy,...vpi1) )
= Remove; (Goaly)

And the second inclusion

YUY =
{(@laplog ... 1210w)7 | k > 0,2, 25 € {3,6}", Vi1 € {3,6}"(w)7 € BRresotve(ar....apnerin) )
U{(zlaplag—1 ... 12110w)7 |k = 0,2, 2; € {3,6}", Jxp11 € {3,6}(0)7 € Cresotve(wr,...xpznsr) )
= {(zlzplop 1 .. 12110w)7 |k > 0,2,2; € {3,6}",Var1 € {3,617 (w0)7 & Cresotve(er,.opin) )
U{(zlaglag_1...1x110w)7 |k > 0,2, x; € {3,6}", Jxp1q € {3,6} (w)7 € OResolve(rl,...,xk+1)}
= {(zlzpleg_1 ... 12910wW)7 | k > 0,2, 2; € {3,6}7,

Jzp11 € {3,6}"(w)7 € CRresolve(ar,....vp1) OF

Vrgi1 € {3,6} (w)7 & Cresotve(ar,...asn) |
= {(zlzpleg_1 ... 12110w)7 | k = 0,2, 2; € {3,6}", Resolve(xy, ... xy1)is defined}
O {(zrr1leplaeg_q ... 12110w)7 | k = 0,2; € {3,6}", (w)7 € BResolve(:cl,...zk,szrl)}
= Remove; (Goalp)

And thus both parts of ([£H]) were checked.

(6] and ([£71) hold trivially.
For (48) note that

Goal; N Ry
= {(zplzp_1 ... 12110w)7 [ k = 0,2; € {3,6}", (w)7 € Cresolve(ar,....0)

N{(lzplag—1 ... 12110w)7 [k > 0, x; € {3,6}",3e € N, Resolve(w1, ..., x1) = 11(e)(w)7 € By (o)}
={(lzplep_q...12710w)7 | k > 0,

=d

Similarly for (Z3)

Goalp N Ry
={(lzpleg_q...12110w)7 |

0,2; € {3’ 6}*7 (w)7 € BResolve(rl,...,xk+1)}

0,7; € {3,6}",3e € N, Resolve(x1,...,z) = 11(e)(w)7 € Cry(e) N Br ()}

k=
N{(lzplag—1 ... 12110w)7 [k > 0, x; € {3,6}",3e € N, Resolve(r1, ..., x1) = 11(e)(w)7 € Cr (o)}
k=

={(lzglag_1 ... 12110w)7 |
=9

nyi S {37 6}*7 (’LU)7 S BResolve(z1,...,xk)}

0,z; € {3,6}",3e € N, Resolve(xy, ..

Sap) =Ti(e)(w)r € Bﬁ(E) N 07'1(6)}
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We now address the uniqueness of the solution. Consider some solution
(X0, X1,Y,Y 7). As Xo, X7 C Admissible, these sets are uniquely defined by their inter-
section with sets of the form (1z1...12110%%)7, where Resolve(zq,...,z)) = e is defined.
By Lemma

XoN (ll‘kl R 11‘1102;)7 = Goaly N (1$k1 R 1%‘1102;)7
X1N(lzkl. . 121108%)7; = Goaly N (1zgl. .. 12110%7)7
and thus Xy = Goaly and X7 = Goal;. B

Note, that by Lemmal[Al (Z3)—(6) uniquely define Y, Y and Z for fixed XoNAdmissible
and X7; we must check the assumption of the lemma for Xy N Admissible and X7, though.
Clearly XoN AdmissibleN X; = @. If (x1w)7 € Removey(XoN Admissible) and (z'1w)7 ¢
Remove; (Xo N Admissible) then (zilw)7; = (zlapl...1x110w")7 for some zq,...,x; €
{3,6}* such that Resolve(x1,...,z,x) is defined.

Then (xlxpl...12110w")7 ¢ Removes(Xo N kAdmissible) means that

(w)7 ¢ BResolve(:cl,...,zk,z) — (’LU)7 S CResolve(zl,...,:ck,x)a
which enforces
(z1lapl... 12110w")7 € Removes (X1).

Thus the assumptions of Lemma [A] hold. This concludes the proof. [

Lemma 13. The value of the expression
Removeyo(Z) = (ZN{(10)7} +{(10)7})
v U U Zn@oish(52))7) — (10")7 0 (5559 ")7
iex7\{o0} te{0,1,2}
on any S C (10(X%\ 0X%))7 is Removey(S) = {(w)7 | (10w)7 € S}.

The expression Removeio works similarly to Removey, and the proof of this lemma is
analogous to the proof of Lemma [3l

(p.m0) Theorem [2.  For every set B C Z in the hyper-arithmetical hierarchy there is a system of
equations over subsets of Z using union, addition, singleton constants and the constants N
and —N, such that (B, ...) is its unique solution.

Proof. We assume first that B C N. Let B = B;, according to enumeration of sets in
hyper-arithmetical hierarchy. Construct a system of equation (£I)-(.3).

Then by Lemma [1 this system has a unique solution, and one of its component, for
variable X is set

Goaly = {(L1zp1z—1 ... 12110W)7 [k > 0,7; € {3,6}", (W)7 € BRresolve(wy,....0x) f
Construct an additional equation
X = Removeo(Xo N (1027)7)
As
Goaly N (10X7)7 = {(1zplzg_1 ... 12110w)7 |k = 0,2; € {3,6}", ()7 € BRresotve(z1,....z)} N (10X7)7
= {(10w)7 | k > 0,2; € {3,6}", (w)7 € BResolve(())}
= {(10w)7 [ (w)7 € Biy }

Hence, by Lemma [I3] the unique solution of this equation is B;,.
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Now, as in the proof of Theorem [l using Lemma [l enhanced by Corollary [l allows
representing B;, by a system of equations over sets of natural numbers, using union, addition
and subtraction, with singleton constants.

For an arbitrary hyper-arithmetical set of integers, its positive and negative parts are
first represented as shown above, and then Lemma (2], yields the system representing the
actual set.

[

Appendix D. Proofs from Section
Lemma 8. A set X C Z satisfies an equation

X+{0,411}= J mw@uf1}
i€{0,1,3,4,6,7,
8,9,10,12,13}
iff X = o(X) for some X C Z.

Proof. Denote
TRACK;(S) = {n|16n+i € S}.
A set S is said to have an empty (full) track i if TRACK;(S) = @ (TRACK;(S) = Z, respec-
tively).
& Let X be any set that satisfies the equation. Then the sum TRACK2(X + {0,4,11})
has empty tracks 2, 5, 14 and 15:

TRACK2(X 4 {0,4,11}) = TRACK;(X +{0,4,11}) =
= TRACK14(X + {0,4,11}) = TRACK5(X +{0,4,11}) = &

For this condition to hold, X must have many empty tracks as well. To be precise, each track
t with ¢, t+4 or t+11 (mod 16) being in {2, 5,14, 15} must be an empty track in X. Calcu-
lating such set of tracks, {2,5,14,15} — {0,4,11} (mod 16) = {1,2,3,4,5,7,10,11, 14,15}
are the numbers of tracks that must be empty in X.

Similar considerations apply to track 11, as TRACK11(X + {0,4,11}) = {0}. For every
track t with t = 11, t+4 = 11 (mod 16) or t+11 = 11 (mod 16), it must hold that the ¢-th
track of X is either an empty track or TRACK;(X) = {0}. The latter must hold for at least
one such ¢. Let us calculate all such tracks ¢: these are tracks with numbers {11} —{0,4, 11}
(mod 16) = {0,7,11}. Since it tracks number 7 and 11 are already known to be empty, it
follows that TRACK((X) = {0}.

In order to prove that X is a valid encoding of some set, it remains to prove that tracks
number 6,8,9,12 in X are full. Consider first that TRACK3(X + {0,4,11}) = Z. Let us
calculate the track numbers ¢ such that there is ¢’ € {0,4,11} with (¢ +¢') (mod 16) = 3:
these are {3} — {0,4,11} (mod 16) = {3,8,15}. Since tracks 3,15 are known to be empty,
then

Z = TRACK3(X + {0,4,11}) =
= TRACK3(X) U (TRACK15(X) + 1) U (TRACKg(X) + 1) =
= @U@ U (TRACKg(X) + 1) = TRACKs(X) + 1,
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and thus track 8 of X is full. The analogous argument is used to prove that tracks 12,9,6
are full. Consider TRACK7(X +{0,4,11}) = Z. Then {7} —{0,4, 11} (mod 16) = {7,3,12}.
Since it is already known that tracks 3,7 are empty, the track 12 is full:

Z = TRACK7(X + {0,4,11}) =
= TRACK7(X) U TRACK3(X) U (TRACK2(X) + 1) =
= @U@ U (TRACK2(X) + 1) = TRACK12(X) + 1.

In the same way consider TRACKg(X + {0,4,11}) = Z. Then {9} — {0,4,11} (mod 16) =
{9,5,14} and tracks 5,14 are empty, thus track 9 is full:

Z = TRACKg(X +{0,4,11}) =
= TRACKg(X) U TRACK5(X) U (TRACK4(X) + 1) =
= TRACKg(X) U@ UQ = TRACKg(X).

Now let us inspect TRACK1o(X +{0,4,11}). Then {10} —{0,4,11} (mod 16) = {10,6, 15}.
Since the tracks 10, 15 are empty, then the 6th track is full:

Z = TRACK o(X + {0,4,11}) =
= TRACK19(X) U TRACKg(X) U1+ TRACK;5(X) =
= @ U TRACKg(X) U@ = TRACKg(X).

Thus it has been proved that X = o(TRACK3(X)).
@ It remains to show the converse, that is, that if X = o(X), then

X+{0,411}= | m@u{}
1€{0,1,3,4,6,7,
8,9,10,12,13}

Since X = [J;°, 7:(TRACK;(X)), then

X +{0,4,11} = (UTi(TRACKZ-(X)) + 0) u (UTZ-(TRACKi(X)) +4>U

7 i

U (UTZ-(TRACKi(X)) - 11),

7

and Table [ presents the form of each particular term in this union. Each ith row represents
track number i in X, and each column labeled +j for j € {0,4,11} corresponds to the
addition of a number j. The cell (7,7) gives the set TRACK;(X) + j and the number of the
track in which this set appears in the result (this is track i + j (mod 16)). Then each ¢-th
track X + {0,4, 11} is obtained as a union of all the appropriate sets in the Table [I1

According to the table, the values of the set X are reflected in three tracks of the sum
X +{0,4,11}: in tracks 13, 1 and 8 (in the last two cases, with offset 1). However, at the
same time the sum contains full tracks 1, 8 and 13, and the contributions of X to the sum are
subsumed by these numbers, as 713(X) C 713(Z), 71 (X +1) C 11(Z) and 75(X +1) C 75(Z).

o~

Therefore, the value of the expression does not depend on X. Taking the union of all entries
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| [ +0 [ +4 | +11 |
0:{0} ||0:{0}| 4:{0} | 11:{0}
6:7Z 6:7Z 10: Z 1:%
8:Z 8:Z 12: Z 3:7Z
9:7 9:7%Z 13:7Z 4:7
12:7Z || 12:7Z 0:7Z 7.7
13:X|13:X|1:X+1]8:X+1

Table 1: Tracks in the sum o(X) 4 {0,4,11}, only non-empty tracks of o(X) are included.

of the Table [ proves that X + {0,4,11} equals
U =@ufy,

i€{0,1,3,4,6,7,
8,9,10,12,13}

as stated in the lemma. n

Lemma @l For all sets X,Y,Z C 7Z,
oY)+0(2)+{0,1} =o(X)+0({0}) +{0,1} if Y + Z =X

and
oY)+0o(Z)+{0,2} =0(X)+0o(X)+{0,2} iff YUZ = X.

Proof. The goal is to show that that for all Y, Z C Z, the sum
oY)+ 0o(Z)+{0,1}

encodes the set Y + Z 4 1 on one of its tracks, while the contents of all other tracks does
not depend on Y or on Z. Similarly, the sum

oY)+ o(Z) +{0,2}
has a track that encodes Y U Z, while the rest of its tracks also do not depend on Y and Z.

The common part of both of the above sums is o(Y) + o(Z), so let us calculate it first.
Since

o(Y)={0} UTe(Z) UTs(Z) UTg(Z)UT12(Z) UT13(Y) and
O‘(Z) = {0} UT@'(Z) U ’7’8(Z) U TQ(Z) @] Tlg(Z) U ’7’13(2),

by the distributivity of union, the sum o(Y')+0(Z) is a union of 36 terms, each being a sum
of two individual tracks. Every such sum is contained in a single track as well, and Table
gives a case inspection of the form of all these terms. Each of its six rows corresponds to
one of the nonempty tracks of o(Y'), while its six columns refer to the nonempty tracks in
o(Z). Then the cell gives the sum of these tracks, in the form of the track number and
track contents: that is, for row representing TRACK;(c(Y')) and for column representing
TRACK;(0(Z)), the cell (i,7) represents the set TRACK;(0(Y')) + TRACK;(0(Z)), which is
bound to be on track i +j (mod 16). For example, the sum of track 8 of ¢(Y’) and track 9
of o(Z) falls onto track 1 =8+ 9 (mod 16) and equals

18(Z) + 19(Z) = {8+ 9+ 16(m +n) | m,n € Z} = {1+ 16n|n € Z} = 1(Z),
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| | a(Y) | o(Z) | o(Y)+o(Z) | o(Y)+o(Z)+{0,1} | o(Y)+o(Z)+{0,2} |
0 {07 [ {0} Z Z Z
1 o) & Z Z, Z,
2 o) o) 7 Z Z
3 %] %] ? Z, Z,
4 o) o) Z Z Z,
5 %) %) 7 Z Z
6 Z, Z, Z Z, Z
8 Z Z 7 Z Z
9 Z, Z, Z Z, Z,
10 %) o) Y+Z+1 Z Z
12 Z, Z, Z Z, Z,
13 Y A YuZ Z YUZ
14 o) o) Z Z, Z,
15 %) %) 7 Z Z

Table 2: Tracks in the sums of o(Y') + o0(Z) with constants.

while adding track 13 of o(Y") to track 13 of o(Z) results in
T13(Y)+113(Z2) = {26 + 16(m+n) |meY,ne Z} =Y + Z + 1),

which is reflected in the table. Each question mark denotes a track with unspecified contents.
Though this contents can be calculated, it is actually irrelevant, because it does not influence
the value of the subsequent sums o(Y') + 0(Z) 4+ {0,1} and o(Y') + 0(Z) + {0, 2}.

Now the value of each i-th track of o(Y') + 0(Z) is obtained as the union of all sums in
Table Bl that belong to the i-th track. The final values of these tracks are presented in the
corresponding column of Table 21

Now the contents of the tracks in o(Y) + o(Z) + {0,1} can be completely described.
The calculations are given in Table 2, and the result is that for all Y and Z,

TRACK11(0(Y)+0(Z)+{0,1}) =Y +Z+1
TRACK;(0(Y)+0(Z)+{0,1}) =Z for i # 11
It easily follows that
X=Y+Z7
iff
o(X) +0({0}) +{0,1} = o(Y) + 0(2) + {0, 1},
as, clearly, X = X + {0}.
For the set o(Y) 4+ o(Z) + {0,2}, in the same way, for all Y and Z,
TRACK13(0(Y) +0(Z)+{0,2}) =Y U Z
TRACK; (0(Y) + 0(Z) +{0,2}) = Z for j # 13
and therefore for all X,Y, 7,
X=YUZ
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| [0:{0} | 6:Z [8:Z | 9:Z |12:7Z] 13: 7 |
0:{0}|0:{0} | 6:Z | 8:Z | 9:Z |12:Z 13: 7
6:7 6:7 |12:Z|14:Z |15 7Z | 2:7Z 3:7
8:7Z 8:7Z |14:Z | 0:Z | 1:Z | 4:7Z 5:7
9 Z 9:Z |15:Z | 1:Z | 2:Z | 5:7Z 6:7

L |\ 12:7Z | 2:7Z | 4:7Z | 5:Z | 8: 7 9.7
13.Y 13:Y | 3:7 5:7 6:7 9:7 [10: (Y+2)+1

Table 3: Tracks in the sum o(Y') + o(Z). Question marks denote sets that depend on X or
Y and whose actual values are unimportant.

iff
o(X)+o(X)+{0,2} =o(Y)+0(2) + {0,2},
since X = X U X.
Both claims of the lemma follow. n

Theorem [Bl  For every hyper-arithmetical set S C Z there exists a system of equations
SOI(X].J"'7X’H) - T/Jl(Xl’---,Xn)

Spm(Xla"an) - T/Jm(X177Xn)

with @;,1; using the operation of addition and ultimately periodic constants, which has a
unique solution with X1 =T, where S = {n|16n € T}.

Sketch of a proof. A system of equations with union and addition representing S exists by
Theorem [2l This system is first decomposed to have all equations of the form X =Y + Z,
X =YUZ or X = C. For every variable X of this system, the new system has a variable X’
with an equation as in Lemma [l Next, according to Lemma [0, the equations ¥ + Z = X,
YUZ =X or X = C are transformed to equations Y’ + 7' +{0,1} = X'+ o({0}) + {0, 1},
Y'+27' +{0,2} = X'+ X'+ {0,2} and X' = o(C), respectively, and the resulting system
should have a unique solution with X’ = ¢(X). Thus the constructed system represents
the set o(5), and adding an extra equation X; = X + {—13} yields the set T'= o (S) — 13
with the desired properties. u

Appendix E. Proofs from Section

Theorem M. The problem of whether a given system of equations over sets of integers
with addition and ultimately periodic constants has a solution is Z%—complete.

Proof. For any fixed system of equations, the statement that it has a solution naturally
belongs to E%: taking the arithmetical formula Eq(Xy,...,X,), from Proposition 2] it
suffices to write a second-order statement

(3X1)... (3X,) Eq(X1, ..., Xn).

Next, note that a given system can be effectively transformed to such a formula. Since
the condition that a given X1 closed formula is true can be specified by a certain universal
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¥{ formula 21, CoR. 16-XX(A)], this leads to a ¥{ formula representing the existence of
solution of a system.

In order to prove that testing solution existence is E%—hard, it is sufficient to reduce
the problem from Proposition 6. Let M be the given Turing machine. Since L(M) € %Y,
there is a system of equations over sets of integers in variables Y, Y7, ..., Y,,, which has a
unique solution with Y = L(M), and this system can be effectively constructed from the
description of M. Introducing extra variables X and Y, consider the following additional
equations, where the expressions Appends¢(Z) and E(Z) are taken from Lemma [ and
Lemma [E] respectively:

XCY
{1}cXx

Z = X U Appends ¢(Z)

X =E2)
The variable X represents a subset of Y containing exactly the set of finite prefixes of a
certain infinite sequence. It is then asserted that the number 1 corresponding to the empty
prefix is in X, that the set Z is defined by {(z1w)7 |z € {3,6}*, (1w)7 € X}, and that
E(Z) = {(1w)7 | 3z € {3,6}*, (z1w)7 € X, (1w); € X} is exactly X, that is, that every
element of X can be extended to an element of X. [

(p.mm Proposition [T  The problem of whether a given system of equations over sets of integers
ustng addition and ultimately periodic constants has a unique solution can be represented as
a conjunction of a X1-formula and a 11} -formula, and is accordingly in Al.

Proof. The property of having at most one solution can be expressed by the following ITi-
formula:

(VXy) ... (VX,) (VX)) ... (VX)) [Eq(Xl, o Xp)AEq(XT, ... ,X,’l)] — (Vn)(Vi)n € X; < n € X
Then the condition of having a unique solution is a conjunction of the latter formula with

the X1-formula expressing solution existence. The resulting conjunction can be reformulated
both as a Z% and as a H% formula, which proves the theorem. ]
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